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In a four-dimensional spacetime, the DeWitt-Schwinger expansion of the effective action associated
with a massive quantum field reduces, after renormalization and in the large mass limit, to a single
term constructed from the purely geometrical Gilkey-DeWitt coefficient a3 and its metric variation
provides a good analytical approximation for the renormalized stress-energy tensor of the quantum
field. Here, from the general expression of this tensor, we obtain analytically the renormalized
stress-energy tensors of the massive scalar field, the massive Dirac field and the Proca field in Kerr-
Newman spacetime. It should be noted that, even if, at first sight, the expressions obtained are
complicated, their structure is in fact rather simple, involving naturally spacetime coordinates as
well as the mass M , the charge Q and the rotation parameter a of the Kerr-Newman black hole and
permitting us to recover rapidly the results already existing in the literature for the Schwarzschild,
Reissner-Nordstro¨m and Kerr black holes (and to correct them in the latter case). In the absence of
exact results in Kerr-Newman spacetime, our approximate renormalized stress-energy tensors could
be very helpful, in particular to study the backreaction of massive quantum fields on this spacetime
or on its quasinormal modes.
PACS numbers: 04.62.+v, 04.70.Dy
I. INTRODUCTION
Quantum field theory in curved spacetime (for reviews
and monographs on this subject, see Refs. [1–7]) is a
semiclassical approximation of quantum gravity which,
by treating classically the spacetime metric gµν and con-
sidering from a quantum point of view all the other fields
(including the graviton field to at least one-loop order for
reasons of consistency), avoids the difficulties due to the
nonrenormalizability of quantum gravity and provides a
framework which permits us to study the low-energy con-
sequences of a hypothetical “theory of everything”. It
should be recalled that this approach allowed theoretical
physicists to obtain fascinating results concerning early
universe cosmology and quantum black hole physics (see
Refs. [1–7] and references therein) and, in particular, led
to the discovery of particle creation in expanding uni-
verses by Parker [8] and of black hole radiance by Hawk-
ing [9]. Furthermore, this approach also provides the
natural theoretical framework to analyze the cosmic mi-
crowave background (CMB) observations made in recent
years.
In quantum field theory in curved spacetime, it is con-
jectured that the backreaction of a quantum field on the
spacetime geometry is governed by the semiclassical Ein-
stein equations
Gµν = 8pi〈Tµν〉ren. (1)
(In this article, we use the geometrical conventions of
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Misner, Thorne and Wheeler [10] and we adopt units
such that ~ = c = GN = 1.) In Eq. (1), Gµν is the Ein-
stein tensor Rµν − 12gµνR + Λgµν or some higher-order
generalization of this geometrical tensor while 〈Tµν〉ren
is the renormalized stress-energy tensor (RSET) of the
quantum field or, more precisely, the renormalized ex-
pectation value of the stress-energy tensor operator as-
sociated with the quantum field.
The semiclassical Einstein equations (1) have permit-
ted Starobinsky to show that, after the Planck era, quan-
tum effects lead to an inflationary universe, i.e., a uni-
verse with an exponentially expanding de Sitter phase
[11]. They have been also used by several authors to
analyze the dynamics of evaporating black holes due to
Hawking radiation (see, e.g., Refs. [12, 13] for pioneering
work on this topic) and, more recently, they have been
considered to explain the acceleration of the expansion
of the universe (see, e.g., Ref. [14]). But unfortunately,
and despite the impressive successes mentioned above,
the backreaction problem is in general difficult to tackle,
not only because the semiclassical Einstein equations (1)
are a set of coupled nonlinear hyperbolic partial differ-
ential equations but also because it is in general difficult
to define the right-hand side of these equations, i.e., to
construct the RSET. Indeed, the expectation value of
the stress-energy tensor operator is formally infinite and
it is necessary to regularize it, i.e., to extract from this
formally infinite quantity a meaningful finite part, and
then to renormalize all the coupling constants appearing
in the problem in order to remove the remaining infinite
part. Much work has been done since the mid-1970s in
connection with this subject (see Refs. [1–7] and refer-
ences therein) and, currently, we have at our disposal
2some powerful procedures (such as the adiabatic regular-
ization method, the dimensional regularization method,
the ζ-function approach, the point-splitting method...)
permitting us to construct theoretically and without am-
biguity the RSET.
It is however important to note that, in four-
dimensional gravitational backgrounds, except if we work
under very strong hypotheses (e.g., if we consider field
theories in maximally symmetric spacetimes or if we
study massless or conformally invariant field theories on
very particular spacetimes), it is in general impossible to
obtain an analytical expression for the RSET. In fact,
in most cases, it is even impossible to construct, from a
practical point of view, the RSET and, when this is possi-
ble, it is necessary in many cases to perform a numerical
analysis in order to extract the physical content of the
RSET and, of course, this does not simplify the backre-
action problem. So, it is interesting to note that various
approaches have been developed which permit us to deal
with situations presenting a “lower degree of symmetry”
and to construct, in this context, accurate analytical ap-
proximations of the RSET (see, e.g., Refs. [15–17] for the
theoretical bases of the “Brown-Ottewill-Page approxi-
mation” which is limited to static Einstein spacetimes or
Refs. [18–21] for the theoretical bases of the “DeWitt-
Schwinger approximation” which can be used in an ar-
bitrary spacetime but is limited to massive fields in the
large mass limit [22]). From a theoretical point of view,
such analytical approximations could be helpful to find
self-consistent solutions to Eq. (1).
Here, we focus on the DeWitt-Schwinger approxima-
tion of the RSET. It is based on the DeWitt-Schwinger
expansion of the effective action associated with a mas-
sive quantum field and, formally, it can be used only when
the Compton length associated with the massive field is
much less than a characteristic length constructed from
the curvature of spacetime. In this context, an analyt-
ical expression for the RSET is directly obtained from
the metric variation of the renormalized effective action
associated with the massive field. Here, it is important
to recall that the DeWitt-Schwinger expansion of the ef-
fective action is purely geometrical and to note that, as a
consequence, the approximate RSET does not take into
account the quantum state of the field. The literature
concerning the DeWitt-Schwinger approximation and its
applications is rich (see, e.g., Refs. [23–37] for applica-
tions to black holes, wormholes and black strings and
Refs. [38, 39] for a recent work concerning the Friedmann-
Lemaˆıtre-Robertson-Walker universes) and it is impor-
tant to note that the approximate RSETs obtained from
the DeWitt-Schwinger expansion of the effective action
seem to be in good agreement with exact results (see
Ref. [26] where this has been discussed for the Reissner-
Nordstro¨m black hole).
In this article, we intend to use the DeWitt-Schwinger
approximation in order to construct the approximate
RSET for massive fields in Kerr-Newman spacetime. De-
spite its physical importance, this particular spacetime
has never been considered previously and this is certainly
due to the complexity of the calculations involved. Let us
remark that the problems treated in the references previ-
ously mentioned mainly concern spherically or cylindri-
cally symmetric spacetimes and/or Einstein spacetimes
(i.e., spacetimes satisfying Rµν = Λgµν) and that the
Kerr-Newman spacetime does not belong to one of these
categories. To facilitate our work, we shall write the
general expression of the RSET in an irreducible form
in order to reduce substantially the number of its terms
and the size of calculations and we shall use Mathemat-
ica packages allowing us to perform tensor algebra very
efficiently. We shall then obtain, in Sec. II (see also
Appendix A for details), analytical expressions for the
RSET of the massive scalar field, the massive Dirac field
and the Proca field in Kerr-Newman spacetime. It should
be noted that, even if, at first sight, the expressions we
shall display are complicated, their structure is in fact
rather simple, involving naturally spacetime coordinates
as well as the mass M , the charge Q and the rotation
parameter a of the Kerr-Newman black hole and permit-
ting us to recover rapidly, in Sec. III, the results already
existing in the literature for the Schwarzschild black hole
[23, 40], for the Reissner-Nordstro¨m black hole [26, 30]
and for the Kerr black hole [24, 25]. We shall moreover
correct the result obtained for the Dirac field in the lat-
ter case. In Sec. IV, we shall conclude by mentioning
some possible applications of our results and by consid-
ering the shift in mass and angular momentum of the
Kerr-Newman black hole dressed with a massive quan-
tum field.
Before entering into the technical part of our work, it
seems to us necessary to recall that, due to its fundamen-
tal importance in connection with the Hawking effect,
the construction of the RSET in black hole spacetimes
has often been discussed in the past 40 years and, in
Schwarzschild and Reissner-Norstro¨m spacetimes (i.e., in
static spherically symmetric black holes), we have now
at our disposal exact expressions (which, however, must
be analyzed numerically) for the RSET associated with
various quantum fields and various vacuum states (see,
e.g., Refs. [41–46] for pioneering work concerning mass-
less fields in Schwarzschild spacetime and Ref. [26] for
results concerning both massless and massive fields in
Schwarzschild and Reissner-Nordstro¨m spacetimes). For
stationary axisymmetric black holes, the situation is less
clear and much more complex. In Kerr spacetime (see,
e.g., Refs. [47–51] and references therein), for massless
fields, due both to problems linked with the quantization
process in this spacetime [47, 52] and to the complexity of
the mode solutions of the wave equation, the RSET has
been calculated only in specific locations and, for massive
fields, to our knowledge, there exists no result concerning
the RSET. In Kerr-Newman spacetime, the situation is
even worse: we have found no results for this tensor in
the literature.
We now describe the formalism we shall use in the
following. We work in a four-dimensional spacetime
3(M, gab) without boundary and we consider more par-
ticularly the massive scalar field φ solution of the Klein-
Gordon equation
(−m2 − ξR)φ = 0, (2)
the massive spinor field ψ solution of the Dirac equation
(γµ∇µ +m)ψ = 0 (3)
and the massive vector field Aµ solution of the Proca
equation
(gµν−m2gµν −∇µ∇ν −Rµν)Aν = 0. (4)
In the wave equations (2)-(4), m denotes the mass of the
fields, in the Klein-Gordon equation (2), ξ is a dimen-
sionless factor which accounts for the possible coupling
between the scalar field and the gravitational background
and in the Dirac equation (3), γµ denote the usual Dirac
matrices. We recall that, after renormalization and in
the large mass limit, the DeWitt-Schwinger expansion
of the effective action associated with the massive scalar
field, the massive Dirac field and the Proca field can be
constructed from the Gilkey-DeWitt coefficient a3 and
reduces to [18–21]
TABLE I. The coefficients ci defining the renormalized effec-
tive action (5).
Scalar field Dirac field Proca field
(s = 0) (s = 1/2) (s = 1)
c1 (1/2)ξ
2
− (1/5)ξ + 1/56 -3/280 -27/280
c2 1/140 1/28 9/28
c3 −(ξ − 1/6)
3 1/864 -5/72
c4 (1/30)(ξ − 1/6) -1/180 31/60
c5 −8/945 -25/756 -52/63
c6 2/315 47/1260 -19/105
c7 −(1/30)(ξ − 1/6) -7/1440 -1/10
c8 1/1260 19/1260 61/140
c9 17/7560 29/7560 -67/2520
c10 −1/270 -1/108 1/18
Wren =
1
192pi2m2
∫
M
d4x
√−g (c1RR+ c2RpqRpq + c3R3 + c4RRpqRpq + c5RpqRprRqr
+c6RpqRrsR
prqs + c7RRpqrsR
pqrs + c8RpqR
p
rstR
qrst + c9RpqrsR
pquvRrsuv + c10 RprqsR
p q
u vR
rusv
)
. (5)
Here, the coefficients ci depend on the field and are given
in Table I. In Eq. (5) the integrand is constituted by ten
Riemann polynomials of order six (in the derivatives of
the metric tensor) and rank zero (number of free indices).
It should be noted that terms in 1/m4, 1/m6 ... are
also present in the full expression of the renormalized
effective action Wren (see, e.g., Refs. [19–21]) but here,
because we assume a large enough massm, we can neglect
them. It is also important to recall that, in the large mass
limit, the nonlocal contribution to Wren associated with
the quantum state of the massive field is not taken into
account. So, the renormalized effective action Wren is a
purely geometrical object.
By functional derivation of the effective action (5) with
respect to the metric tensor gµν , we obtain a purely ge-
ometrical approximation for the RSET associated with
the massive fields. We have
〈 T µν 〉ren = 2√−g
δWren
δgµν
(6)
which can be written explicitly [53]
(96pi2m2)〈 Tµν 〉ren = d1 (R);µν + d2 Rµν + d3 RR;µν + d4 (R)Rµν + d5R;p(µRpν) + d6 RRµν
+d7Rp(µR
p
ν) + d8R
pqRpq;(µν) + d9R
pqRp(µ;ν)q + d10 R
pqRµν;pq + d11 R
;pqRpµqν + d12 (R
pq)Rpµqν
+d13R
pq;r
(µR|rqp|ν) + d14R
p ;qr
(µ R|pqr|ν) + d15R
pqrsRpqrs;(µν) + d16 R;µR;ν + d17R;pR
p
(µ;ν)
+d18R;pR
;p
µν + d19 R
pq
;µRpq;ν + d20 R
pq
;(µRν)p;q + d21R
p
µ;qR
;q
pν + d22 R
p
µ;qR
q
ν;p + d23 R
pq;rRrqp(µ;ν)
+d24R
pq;rRpµqν;r + d25R
pqrs
;µRpqrs;ν + d26 R
pqr
µ;sR
;s
pqrν + d27R
2Rµν + d28 RRpµR
p
ν + d29 R
pqRpqRµν
+d30R
pqRpµRqν + d31RR
pqRpµqν + d32R
prRqrRpµqν + d33R
pqRr(µR|rqp|ν) + d34RR
pqr
µRpqrν
+d35RµνR
pqrsRpqrs + d36R
p
(µR
qrs
|p|R|qrs|ν) + d37R
pqRrspµRrsqν + d38RpqR
prqsRrµsν + d39RpqR
prs
µR
q
rsν
+d40R
pqrsRpqtµR
t
rs ν + d41R
prqsRtpqµRtrsν + d42 R
pqr
sRpqrtR
s t
µ ν
+gµν [d43 R+ d44RR+ d45R;pqR
pq + d46RpqR
pq + d47Rpq;rsR
prqs + d48R;pR
;p + d49Rpq;rR
pq;r
+d50Rpq;rR
pr;q + d51 Rpqrs;tR
pqrs;t + d52 R
3 + d53RRpqR
pq + d54RpqR
p
rR
qr + d55RpqRrsR
prqs
+d56RRpqrsR
pqrs + d57RpqR
p
rstR
qrst + d58 RpqrsR
pquvRrsuv + d59RprqsR
p q
u vR
rusv]. (7)
4TABLE II. The coefficients di defining the expansion of the approximate RSET (7) on the FKWC basis.
FKWC basis Coefficients di Scalar field Dirac field Proca field
(s = 0) (s = 1/2) (s = 1)
R
2
6,1
(R);µν d1 ξ
2
− (2/5)ξ + 3/70 1/70 9/70
Rµν d2 −1/140 -1/28 -9/28
R
2
{2,0}
RR;µν d3 −6 (ξ − 1/6)[ξ
2
− (1/3)ξ + 1/30] -1/120 -1/10
(R)Rµν d4 −(ξ − 1/6)(ξ − 1/5) 1/120 -7/30
R;p(µR
p
ν) d5 (1/15)(ξ − 1/7) 23/840 13/35
RRµν d6 (1/10)(ξ − 1/6) 1/40 -7/60
Rp(µR
p
ν) d7 1/42 29/420 337/210
RpqRpq;(µν) d8 (1/15)(ξ − 2/7) -19/420 22/105
RpqRp(µ;ν)q d9 2/105 61/420 34/105
RpqRµν;pq d10 −1/70 -11/105 -107/210
R;pqRpµqν d11 (2/15)(ξ − 3/14) -1/105 1/21
(Rpq)Rpµqν d12 −1/105 -17/210 -22/35
Rpq;r(µR|rqp|ν) d13 4/105 13/105 46/35
R
p ;qr
(µ
R|pqr|ν) d14 2/35 16/105 116/105
RpqrsRpqrs;(µν) d15 −(1/15)(ξ − 3/14) 1/210 -1/42
R
2
{1,1}
R;µR;ν d16 −6(ξ − 1/4)(ξ − 1/6)
2 0 -1/24
R;pR
p
(µ;ν) d17 −(1/5)(ξ − 3/14) 19/840 83/210
R;pR
;p
µν d18 (1/5)(ξ − 17/84) -1/420 -41/84
Rpq;µRpq;ν d19 (1/15)(ξ − 1/4) 0 31/60
Rpq;(µRν)p;q d20 0 -1/60 -14/15
Rpµ;qR
;q
pν d21 −1/210 -1/140 221/210
Rpµ;qR
q
ν;p d22 1/42 3/35 113/210
Rpq;rRrqp(µ;ν) d23 −1/105 -1/21 5/21
Rpq;rRpµqν;r d24 −1/70 -11/105 -107/210
Rpqrs;µRpqrs;ν d25 −(1/15)(ξ − 13/56) 1/420 -17/840
Rpqrµ;sR
;s
pqrν d26 −1/70 -4/105 -29/105
R
2
6,3
R2Rµν d27 3(ξ − 1/6)
3 -1/288 5/24
RRpµR
p
ν d28 −(2/15)(ξ − 1/6) -7/360 -2/5
RpqRpqRµν d29 −(1/30)(ξ − 1/6) 1/180 -31/60
RpqRpµRqν d30 −2/315 -1/252 1/21
RRpqRpµqν d31 (1/15)(ξ − 1/6) 11/360 -19/30
RprRqrRpµqν d32 1/315 13/1260 33/35
RpqRr(µR|rqp|ν) d33 1/315 97/1260 -139/105
RRpqrµRpqrν d34 (1/15)(ξ − 1/6) 7/720 1/5
RµνR
pqrsRpqrs d35 (1/30)(ξ − 1/6) 7/1440 1/10
Rp(µR
qrs
|p|R|qrs|ν) d36 −4/315 -73/1260 -74/105
RpqRrspµRrsqν d37 −2/315 19/504 -5/42
RpqR
prqsRrµsν d38 4/315 73/1260 74/105
RpqR
prs
µR
q
rsν d39 −1/315 -97/1260 -71/105
RpqrsRpqtµR
t
rs ν d40 2/315 73/2520 37/105
RprqsRtpqµRtrsν d41 4/63 239/1260 97/105
RpqrsRpqrtR
s t
µ ν d42 −2/315 -73/2520 -37/105
R
0
6,1 R d43 −ξ
2 + (2/5) ξ − 11/280 1/280 9/280
R
0
{2,0}
RR d44 6(ξ − 1/6)[ξ
2
− (1/3) ξ + 1/40] -1/240 19/120
R;pqR
pq d45 −(1/30)(ξ − 3/14) 1/420 -1/84
RpqR
pq d46 −(1/15)(ξ − 5/28) 1/105 -223/420
Rpq;rsR
prqs d47 (4/15)(ξ − 1/7) 3/70 79/105
R
0
{1,1}
R;pR
;p d48 6[ξ
3
− (13/24)ξ2 + (17/180)ξ − 53/10080] -1/672 163/1680
Rpq;rR
pq;r d49 −(1/15)(ξ − 13/56) 3/280 -17/56
Rpq;rR
pr;q d50 −1/420 -1/280 11/420
Rpqrs;tR
pqrs;t d51 (1/15)(ξ − 19/112) 1/168 51/560
R
0
6,3
R3 d52 −(1/2)(ξ − 1/6)
3 1/1728 -5/144
RRpqR
pq d53 (1/60)(ξ − 1/6) -1/360 31/120
RpqR
p
rR
qr d54 1/1890 -1/945 1/630
RpqRrsR
prqs d55 −1/630 1/315 -53/105
RRpqrsR
pqrs d56 −(1/60)(ξ − 1/6) -7/2880 -1/20
RpqR
p
rstR
qrst d57 (2/15)(ξ − 1/6) 7/360 2/5
RpqrsR
pquvRrsuv d58 −(1/15)(ξ − 47/252) -61/15120 -263/2520
RprqsR
p q
u vR
rusv d59 −(4/15)(ξ − 41/252) -43/1512 -106/315
5This formula is the basic cornerstone of our calculations
and it is necessary to comment on it briefly. It should
be noted that the expression of the RSET has been writ-
ten in an “irreducible form”. Indeed, if we do not care-
fully take into account the symmetries of the Riemann
tensor as well as the Bianchi identities, the metric vari-
ation of the renormalized effective action (5) could lead
to an expression with many of the terms which are lin-
early dependent in a nontrivial way. As a consequence,
the resulting expression contains too many terms (this is
the case in most of the articles dealing with the DeWitt-
Schwinger approximation) and, in practice, this increases
significantly the size of calculations. For that reason, in
Ref. [53], we have expanded the RSET on a standard
basis constituted by Riemann polynomials of order six
in the derivatives of the metric tensor and constructed
from group theoretical considerations by Fulling, King,
Wybourne and Cummings (FKWC) [54]. This basis is
described in Secs. 2.1 and 2.2 of Ref. [53] and displayed
in Table II where we use, furthermore, the FKWC nota-
tionsRrs,q andRr{λ1... } to denote the various subspaces of
the space of Riemann polynomials of rank r (see Ref. [54]
for more precision). It should be finally noted that there
also exist two geometrical identities [see Eqs. (3.21) and
(3.22) in Ref. [53]] coming from a topological and a ge-
ometrical constraint due to the four-dimensional nature
of spacetime. We could have used them in order to elim-
inate two other terms in (7) but we have chosen to work
with the FKWC basis of Riemann polynomials of order
six which can be used in any dimension.
II. APPROXIMATE RENORMALIZED STRESS
TENSORS IN KERR-NEWMAN SPACETIME
In this section, we consider the massive scalar field,
the massive Dirac field and the Proca field in the Kerr-
Newman spacetime and we provide, in the large mass
limit, the associated explicit expressions of the approxi-
mate RSET 〈T µν〉ren. We work with Boyer-Lindquist co-
ordinates and the spacetime metric then takes the form
[10]
ds2 = −
(
∆− a2 sin2 θ
Σ
)
dt2 − 2a sin
2 θ(r2 + a2 −∆)
Σ
dtdϕ+
(r2 + a2)2 − a2∆sin2 θ
Σ
sin2 θ dϕ2 +
Σ
∆
dr2 +Σ dθ2 (8)
where ∆ = r2 − 2Mr + a2 +Q2 and Σ = r2 + a2 cos2 θ.
Here M , Q and J = aM are the mass, the charge
and the angular momentum of the black hole while
a is the so-called rotation parameter and we assume
M2 ≥ a2 + Q2. The outer horizon is located at r+ =
M +
√
M2 − (a2 +Q2), the largest root of ∆.
By using the general formula (7) and Table II in con-
nection with (8), we can obtain explicitly 〈T µν〉ren. Of
course, due to the complexity of the Kerr-Newman met-
ric, the calculations involved cannot be done by hand.
For this reason, we have written the package SETArbi-
traryST (available upon request from the first author).
It is based on the suite of Mathematica packages xAct
[55] which permits us to perform tensor algebra very ef-
ficiently.
The explicit expressions of the nonzero components of 〈T µν〉ren can be written in the same form for the different
massive fields. We have
〈T tt〉ren = M
2r10
40320pi2m2 (r2 + a2 cos2 θ)
9
5∑
p=0
{
3∑
q=0
Attp,q [θ,M/r]
(
Q2
M2
)q}(a
r
)2p
, (9)
〈T rr〉ren = M
2r10
40320pi2m2 (r2 + a2 cos2 θ)9
5∑
p=0
{
3∑
q=0
Arrp,q [θ,M/r]
(
Q2
M2
)q}(a
r
)2p
, (10)
〈T θθ〉ren = M
2r10
40320pi2m2 (r2 + a2 cos2 θ)
9
5∑
p=0
{
3∑
q=0
Aθθp,q [θ,M/r]
(
Q2
M2
)q}(a
r
)2p
, (11)
〈Tϕϕ〉ren = M
2r10
40320pi2m2 (r2 + a2 cos2 θ)9
5∑
p=0
{
3∑
q=0
Aϕϕp,q [θ,M/r]
(
Q2
M2
)q}(a
r
)2p
, (12)
〈T tϕ〉ren = M
2r11 sin2 θ
20160pi2m2 (r2 + a2 cos2 θ)
9
5∑
p=0
{
3∑
q=0
Atϕp,q [θ,M/r]
(
Q2
M2
)q}(a
r
)2p+1
, (13)
6〈Tϕt〉ren = M
2r9
20160pi2m2 (r2 + a2 cos2 θ)
9
4∑
p=0
{
3∑
q=0
Aϕtp,q [θ,M/r]
(
Q2
M2
)q}(a
r
)2p+1
, (14)
〈T rθ〉ren = M
2r11 sin θ cos θ
360pi2m2 (r2 + a2 cos2 θ)9
4∑
p=0
{
3∑
q=0
Arθp,q [θ,M/r]
(
Q2
M2
)q}(a
r
)2p+2
, (15)
〈T θr〉ren = M
2r9 sin θ cos θ
360pi2m2 (r2 + a2 cos2 θ)
9
3∑
p=0
{
2∑
q=0
Aθrp,q [θ,M/r]
(
Q2
M2
)q}(a
r
)2p+2
. (16)
Here, the coefficients Aµνp,q are polynomials of the variables cos
2 θ and M/r with coefficients depending on the field.
The interested reader can find these coefficients for the massive scalar field, the massive Dirac field and the Proca
field in the subsections A 1, A 2 and A3 of the Appendix.
III. SPECIAL CASES : APPROXIMATE
RENORMALIZED STRESS TENSORS IN
SCHWARZSCHILD, REISSNER-NORDSTRO¨M
AND KERR SPACETIMES
The structure of the expressions (9)–(16) permits us
to recover very quickly the results corresponding to the
special cases of the Schwarzschild, Reissner-Nordstro¨m
and Kerr spacetimes.
By taking Q = 0 and a = 0 we recover the results ob-
tained in Schwarzschild spacetime by Frolov and Zelnikov
(see Ref. [23] and Sec. 11.3.7 of Ref. [40]). The nonzero
components of 〈T µν〉ren are
〈T tt〉ren = M
2
40320pi2m2r8
Att0,0 [θ,M/r] , (17)
〈T rr〉ren = M
2
40320pi2m2r8
Arr0,0 [θ,M/r] , (18)
〈T θθ〉ren = M
2
40320pi2m2r8
Aθθ0,0 [θ,M/r] , (19)
〈Tϕϕ〉ren = M
2
40320pi2m2r8
Aϕϕ0,0 [θ,M/r] , (20)
where the coefficients Aµν0,0 do not depend explicitly of
θ. Due to the spherical symmetry of the Schwarzschild
black hole, Aθθ0,0 = A
ϕϕ
0,0 and, as a consequence,
〈T θθ〉ren = 〈Tϕϕ〉ren. It should be noted that, for the
Dirac field, Frolov and Zelnikov have forgotten a multi-
plicative factor 1/2. The absence of this factor seems to
be due to an error of these authors in their construction
of the effective action for the massive Dirac field from
the (bosonic) Lichnerowicz operator. This error does not
exist in Refs. [20, 21] and in Table I.
Similarly, by putting a = 0 into the expressions
(9)–(16), we recover the results obtained in Reissner-
Nordstro¨m spacetime by Anderson, Hiscock and Samuel
[26] (for the scalar field) and by Matyjasek [30] (for the
Dirac and Proca fields). The nonzero components of
〈T µν〉ren are
〈T tt〉ren = M
2
40320pi2m2r8
3∑
q=0
Att0,q [θ,M/r]
(
Q2
M2
)q
,
(21)
〈T rr〉ren = M
2
40320pi2m2r8
3∑
q=0
Arr0,q [θ,M/r]
(
Q2
M2
)q
,
(22)
〈T θθ〉ren = M
2
40320pi2m2r8
3∑
q=0
Aθθ0,q [θ,M/r]
(
Q2
M2
)q
,
(23)
〈Tϕϕ〉ren = M
2
40320pi2m2r8
3∑
q=0
Aϕϕ0,q [θ,M/r]
(
Q2
M2
)q
,
(24)
where the coefficients Aµν0,q do not depend explicitly
of θ. Due to the spherical symmetry of the Reissner-
Nordstro¨m black hole, Aθθ0,q = A
ϕϕ
0,q and, as a conse-
quence, 〈T θθ〉ren = 〈Tϕϕ〉ren.
Finally, by putting Q = 0 into the expressions (9)–(16), we can find the results in Kerr spacetime. The nonzero
components of 〈T µν〉ren are
〈T tt〉ren = M
2r10
40320pi2m2 (r2 + a2 cos2 θ)
9
5∑
p=0
Attp,0 [θ,M/r]
(a
r
)2p
, (25)
7〈T rr〉ren = M
2r10
40320pi2m2 (r2 + a2 cos2 θ)
9
5∑
p=0
Arrp,0 [θ,M/r]
(a
r
)2p
, (26)
〈T θθ〉ren = M
2r10
40320pi2m2 (r2 + a2 cos2 θ)
9
5∑
p=0
Aθθp,0 [θ,M/r]
(a
r
)2p
, (27)
〈Tϕϕ〉ren = M
2r10
40320pi2m2 (r2 + a2 cos2 θ)
9
5∑
p=0
Aϕϕp,0 [θ,M/r]
(a
r
)2p
, (28)
〈T tϕ〉ren = M
2r11 sin2 θ
20160pi2m2 (r2 + a2 cos2 θ)9
5∑
p=0
Atϕp,0 [θ,M/r]
(a
r
)2p+1
, (29)
〈Tϕt〉ren = M
2r9
20160pi2m2 (r2 + a2 cos2 θ)
9
4∑
p=0
Aϕtp,0 [θ,M/r]
(a
r
)2p+1
, (30)
〈T rθ〉ren = M
2r11 sin θ cos θ
360pi2m2 (r2 + a2 cos2 θ)
9
4∑
p=0
Arθp,0 [θ,M/r]
(a
r
)2p+2
, (31)
〈T θr〉ren = M
2r9 sin θ cos θ
360pi2m2 (r2 + a2 cos2 θ)9
3∑
p=0
Aθrp,0 [θ,M/r]
(a
r
)2p+2
. (32)
It should be noted that the approximate RSETs for the
massive scalar field, the massive Dirac field and the Proca
field in Kerr spacetime have been obtained a long time
ago by Frolov and Zelnikov [24, 25]. At first sight, their
results and ours are different because theirs are given in
terms of the complex spin coefficient ρ = −(r−ia cos θ)−1
and its powers. In our opinion, our formulas are clearer.
Moreover, we have checked that both results are in agree-
ment for the scalar and vector fields while, for the Dirac
field, they differ by the multiplicative factor 1/2 previ-
ously discussed.
IV. CONCLUSION
In this article, we have obtained an analytical approx-
imation for the RSET of the massive scalar, spinor and
vector fields in Kerr-Newman spacetime. To our knowl-
edge, no other result concerning this tensor in Kerr-
Newman spacetime can be found within the literature.
The Mathematica package SETArbitraryST which per-
mits us to derive the expressions of the RSET 〈Tµν〉ren
in Kerr-Newman spacetime as well as another package
which contains these explicit expressions are available
upon request from the first author.
The approximate expressions obtained are based on
the DeWitt-Schwinger expansion of the effective action
associated with a massive quantum field. As a conse-
quence, they do not take into account the quantum state
of the field and are only valid in the large mass limit. In
particular, it is important to note that they neglect the
existence of supperradiance instabilities for massive fields
in rotating black holes (see Refs. [56–58] for pioneering
work on this subject and, e.g., Ref. [59] for a more recent
article concerning more particularly the Kerr-Newman
black hole) which seems quite reasonable because the in-
stability time scale is very long in the large mass limit.
We have also shown that our results permit us to recover
those already existing in the literature for the RSET in
Schwarzschild, Reissner-Nordstro¨m and Kerr spacetimes
and we hope they will be useful to people who will want,
in the future, to make the exact calculations by taking
into account, in particular, the quantum state of the mas-
sive field. But, in our opinion, the complexity of our re-
sults leads us to think that an exact expression for the
RSET of a massive field in Kerr-Newman spacetime is
completely out of reach.
However, this should not prevent us from discussing
the following fundamental question : what exact result(s)
may be associated with our approximation? This is far
from obvious and, here, we shall only provide a partial
answer to this important question. Let us first consider
the case of Schwarzschild spacetime. It is well known
that, in this gravitational background, three Hadamard
8TABLE III. The coefficients αi and βi appearing in the shift
formulas (35) and (36).
Scalar field Dirac field Proca field
(s = 0) (s = 1/2) (s = 1)
α0 −392(9ξ − 2) 196 -1176
α1 14(63ξ − 16) 7 210
α2 −66 -162 978
β0 −60(84ξ − 17) 480 -1980
β1 −9(252ξ − 53) 180 -837
β2 20(714ξ − 145) -640 19580
vacua are physically relevant (see Ref. [41] and refer-
ences therein): the so-called Hartle-Hawking (|H〉), Un-
ruh (|U〉) and Boulware (|B〉) vacua. In Ref [26], it has
been shown that the DeWitt-Schwinger approximation
(17)–(20) is a good approximation of 〈H |T µν |H〉ren (i.e.,
of the exact RSET in the Hartle-Hawking vacuum) for
small and intermediate values of s = r/(2M) − 1. As
noted by Frolov and Zelnikov [25], the differences be-
tween this mean value and the mean values in the Unruh
vacuum |U〉 and the Boulware vacuum |B〉 are propor-
tional to the factor exp(−m/TBH) and this difference can
be neglected everywhere except close to the horizon. As a
consequence, the DeWitt-Schwinger approximation (17)–
(20) is certainly a good approximation of 〈U |T µν |U〉ren
and 〈B|T µν |B〉ren for intermediate values of s. Similar
considerations apply in the Reissner-Nordstro¨m space-
time. By contrast, in Kerr and Kerr-Newman spacetimes
the problem is much more complicated due, in particu-
lar, to the superradiant modes (see, e.g., Ref. [48]) and to
the nonexistence of Hadamard states which respect the
symmetries of the spacetime and are regular everywhere
[52]. However, it seems that these difficulties are natu-
rally eliminated for the fermionic fields [51] and can be, in
some sense, circumvented for bosonic fields [47–50] and,
in fact, one can consider that nonconventional Hartle-
Hawking, Unruh and Boulware vacua exist in Kerr space-
time (and probably in Kerr-Newman spacetime). In our
opinion, the DeWitt-Schwinger approximation (9)–(16)
is certainly a good approximation of the RSETs asso-
ciated with these nonconventional vacua, but, of course,
the region of space where this approximation can be used
necessarily depends on the considered vacuum.
In the absence of exact results in Kerr-Newman space-
time, our approximate RSETs could be very helpful, in
particular to study the backreaction of massive quantum
fields on this gravitational background. In Refs. [28, 29,
31, 33, 35, 36] which deal with massive field theories on
the Schwarzschild and Reissner-Nordstro¨m black holes,
some aspects of the backreaction problem have been con-
sidered. Unfortunately, here, for the Kerr-Newman black
hole, due to the complexity of the RSET, it seems impos-
sible to find self-consistent solutions to the semiclassical
Einstein equations (1). However, it is possible to sim-
plify considerably the backreaction problem by limiting
us to the determination of the shift in mass and angular
momentum of the black hole (measured by a distant ob-
server) due to the RSET. Such an approach has already
been considered by Frolov and Zelnikov for the Kerr black
hole [24, 25] and its extension to the Kerr-Newman black
hole is tractable and permits us to emphasize the role
of the black hole charge. For a stationary axisymmetric
black hole, we recall that the mass MD and the angular
momentum JD of the black hole dressed with a quantum
field can be expressed in terms of its mass M and its
angular momentum J by (see, e.g., Ref. [60])
MD −M = 2
∫
S
(
〈T µν〉ren − 1
2
gµν〈T ρρ〉ren
)
ξνdSµ
(33)
and
JD − J = −
∫
S
〈T µν〉renψνdSµ (34)
where 〈Tµν〉ren is the RSET of the quantum field, ξµ =
(∂/∂t)µ and ψµ = (∂/∂ϕ)µ denote the two Killing vec-
tors of the Kerr-Newman black hole, S is any space-
like hypersurface that extends from the outer horizon
at r+ to spatial infinity and dSµ is the associated sur-
face element. In the following, we take for S the hy-
persurface defined by t = const and we have therefore
dSµ = −(r2 + a2 cos2 θ) sin θdrdθdϕ (dt)µ. By using the
expressions (9) - (16) and assuming furthermore a≪M
and Q ≪ M (for arbitrary values of the parameters a
and Q, the expressions obtained are too complicated to
be interesting), we obtain
MD −M = M
336× 7!pim2M4
×
{
α0 + α1
( a
M
)2
+ α2
(
Q
M
)2
+ . . .
}
(35)
and
JD − J = 1
480× 7!pim2M2
( a
M
)
×
{
β0 + β1
( a
M
)2
+ β2
(
Q
M
)2
+ . . .
}
(36)
where the dots denote terms of fourth-order [i.e., in
(a/M)4 or in (Q/M)4 or in a2Q2/M4]. The coefficients
αi and βi appearing in Eqs. (35) and (36) are given in
Table III. For Q = 0 (i.e., for the Kerr black hole), our
results correct some errors made in Refs. [24, 25] for the
Dirac field (all the coefficients αi and βi are incorrect)
but also for the scalar and vector fields (the coefficient
α1 is incorrect).
Our results could be also used to study the quasinor-
mal modes of the Kerr-Newman black hole dressed by a
massive quantum field. Similar problems have been con-
sidered in Refs. [35, 36] for spherically symmetric black
holes. The extension to the Kerr-Newman black hole is
far from obvious, not only because of the RSET complex-
ity but also because the subject of massive quasinormal
9modes in this spacetime is rather difficult and has been
little studied (see, however, for recent articles dealing
with this subject and which could be helpful, Ref. [61]
where the uncharged massless scalar field is considered
and Ref. [62] where the charged massive scalar field is
studied).
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Appendix A: Coefficients Aµνp,q [θ,M/r]
1. Massive scalar field
For the massive scalar field, the coefficients Attp,q appearing in the expression (9) of 〈T tt〉ren are
Att0,0 [θ,M/r] = 180(112ξ − 25)− 8(5544ξ − 1237) (M/r) (A1a)
Att0,1 [θ,M/r] = 1080− 192(294ξ − 41) (M/r) + 4(36456ξ − 6845) (M/r)2 (A1b)
Att0,2 [θ,M/r] = 8(5096ξ − 883) (M/r)2 − 48(3164ξ − 613) (M/r)3 (A1c)
Att0,3 [θ,M/r] = 52(882ξ − 179) (M/r)4 (A1d)
Att1,0 [θ,M/r] = −4860(112ξ− 25) cos2 θ + 288
[
2(2303ξ − 513) cos2 θ + 14ξ − 3] (M/r) (A1e)
Att1,1 [θ,M/r] = −1080
(
7 cos2 θ − 12)+ 144 [5(1344ξ − 275) cos2 θ − 224ξ − 219] (M/r)
−16 [7(26556ξ − 5903) cos2 θ + 2(462ξ − 769)] (M/r)2 (A1f)
Att1,2 [θ,M/r] = −16
[
49(472ξ − 95) cos2 θ − 16(140ξ + 43)] (M/r)2
+16
[
28(4553ξ − 1016) cos2 θ + 1120ξ − 1559] (M/r)3 (A1g)
Att1,3 [θ,M/r] = −4
[
(109942ξ − 24683) cos2 θ + 4(455ξ − 421)] (M/r)4 (A1h)
Att2,0 [θ,M/r] = 7560(112ξ− 25) cos4 θ − 144 cos2 θ
[
(24836ξ − 5525) cos2 θ + 18(14ξ − 3)] (M/r) (A1i)
Att2,1 [θ,M/r] = −2160
(
4 cos4 θ + 6 cos2 θ − 15)
−144 [8(546ξ − 149) cos4 θ − 3(672ξ − 173) cos2 θ + 335] (M/r)
+24 cos2 θ
[
5(43680ξ − 9941) cos2 θ + 4(1470ξ + 61)] (M/r)2 (A1j)
Att2,2 [θ,M/r] = −96
[
180 cos4 θ + 2(784ξ − 227) cos2 θ − 253] (M/r)2
−16 cos2 θ [7(20612ξ − 4833) cos2 θ + 2(4424ξ + 377)] (M/r)3 (A1k)
Att2,3 [θ,M/r] = 4 cos
2 θ
[
(72310ξ − 17861) cos2 θ + 56(175ξ + 17)] (M/r)4 (A1l)
Att3,0 [θ,M/r] = 7560(112ξ− 25) cos6 θ + 96 cos4 θ
[
2(8631ξ − 1916) cos2 θ − 15(14ξ − 3)] (M/r) (A1m)
Att3,1 [θ,M/r] = 2160
(
4 cos6 θ − 24 cos4 θ + 15 cos2 θ + 10)
−240 cos2 θ [7(768ξ − 169) cos4 θ − 3(224ξ + 47) cos2 θ + 318] (M/r)
−16 cos4 θ [(90636ξ − 20021) cos2 θ + 6(630ξ − 101)] (M/r)2 (A1n)
Att3,2 [θ,M/r] = 16 cos
2 θ
[
(23128ξ − 5195) cos4 θ − 24(392ξ − 1) cos2 θ + 2700] (M/r)2
+16 cos4 θ
[
14(1414ξ − 291) cos2 θ + 3472ξ − 939] (M/r)3 (A1o)
Att3,3 [θ,M/r] = −4 cos4 θ
[
(2506ξ − 9) cos2 θ + 4(455ξ − 253)] (M/r)4 (A1p)
Att4,0 [θ,M/r] = −4860(112ξ− 25) cos8 θ − 72 cos6 θ
[
(1456ξ − 321) cos2 θ − 20(14ξ − 3)] (M/r) (A1q)
Att4,1 [θ,M/r] = 1080 cos
2 θ
(
7 cos6 θ − 12 cos4 θ − 30 cos2 θ + 40)
10
+720 cos4 θ
[
2(252ξ − 65) cos4 θ − (224ξ − 107) cos2 θ − 39] (M/r)
+4 cos6 θ
[
(9240ξ − 2069) cos2 θ − 8(42ξ − 17)] (M/r)2 (A1r)
Att4,2 [θ,M/r] = −8 cos4 θ
[
13(392ξ − 151) cos4 θ − 8(560ξ − 503) cos2 θ − 2364] (M/r)2 (A1s)
Att4,3 [θ,M/r] = 0 (A1t)
Att5,0 [θ,M/r] = 180(112ξ − 25) cos10 θ (A1u)
Att5,1 [θ,M/r] = −1080 cos4 θ
(
cos2 θ − 2) (cos4 θ − 10 cos2 θ + 10) (A1v)
Att5,2 [θ,M/r] = 0 (A1w)
Att5,3 [θ,M/r] = 0. (A1x)
For the massive scalar field, the coefficients Arrp,q appearing in the expression (10) of 〈T rr〉ren are
Arr0,0 [θ,M/r] = −252(32ξ − 7) + 56(216ξ − 47) (M/r) (A2a)
Arr0,1 [θ,M/r] = 216 + 128(147ξ − 40) (M/r)− 4(8232ξ − 2081) (M/r)2 (A2b)
Arr0,2 [θ,M/r] = −8(1456ξ − 383) (M/r)2 + 112(252ξ − 65) (M/r)3 (A2c)
Arr0,3 [θ,M/r] = −4(1638ξ − 421) (M/r)4 (A2d)
Arr1,0 [θ,M/r] = 252(32ξ − 7)
(
31 cos2 θ − 4)− 2016(124ξ − 27) cos2 θ (M/r) (A2e)
Arr1,1 [θ,M/r] = −216
(
3 cos2 θ − 8)− 288 [7(186ξ − 41) cos2 θ − 2(91ξ − 27)] (M/r)
+48(9744ξ − 2053) cos2 θ (M/r)2 (A2f)
Arr1,2 [θ,M/r] = 8
[
7(2288ξ − 503) cos2 θ − 2800ξ + 867] (M/r)2 − 16(16268ξ − 3303) cos2 θ (M/r)3 (A2g)
Arr1,3 [θ,M/r] = 4(11326ξ − 2197) cos2 θ (M/r)4 (A2h)
Arr2,0 [θ,M/r] = −3528(32ξ − 7) cos2 θ
(
11 cos2 θ − 8)+ 1008(336ξ− 73) cos4 θ (M/r) (A2i)
Arr2,1 [θ,M/r] = −432
(
6 cos4 θ − 6 cos2 θ − 5)
+96 cos2 θ
[
(14826ξ − 3187) cos2 θ − 6(2107ξ − 444)] (M/r)− 8(44520ξ − 9851) cos4 θ (M/r)2 (A2j)
Arr2,2 [θ,M/r] = −8 cos2 θ
[
(50064ξ − 10603) cos2 θ − 50064ξ + 10279] (M/r)2
+16(7196ξ − 1709) cos4 θ (M/r)3 (A2k)
Arr2,3 [θ,M/r] = −4(3346ξ − 951) cos4 θ (M/r)4 (A2l)
Arr3,0 [θ,M/r] = 3528(32ξ − 7) cos4 θ
(
17 cos2 θ − 20)+ 672(84ξ − 19) cos6 θ (M/r) (A2m)
Arr3,1 [θ,M/r] = −432 cos2 θ
(
4 cos4 θ + 6 cos2 θ − 15)
−32 cos4 θ [(59010ξ − 13061) cos2 θ − 18(4025ξ − 893)] (M/r)− 16(4704ξ − 1049) cos6 θ (M/r)2 (A2n)
Arr3,2 [θ,M/r] = 8 cos
4 θ
[
(55664ξ − 12563) cos2 θ − 68880ξ + 15649] (M/r)2 + 16(1036ξ − 235) cos6 θ (M/r)3 (A2o)
Arr3,3 [θ,M/r] = −4(182ξ − 81) cos6 θ (M/r)4 (A2p)
Arr4,0 [θ,M/r] = −252(32ξ − 7) cos6 θ
(
85 cos2 θ − 112)− 72(392ξ − 87) cos8 θ (M/r) (A2q)
Arr4,1 [θ,M/r] = 216 cos
4 θ
(
3 cos4 θ − 28 cos2 θ + 30)
+96 cos6 θ
[
(4410ξ − 953) cos2 θ − 18(315ξ − 68)] (M/r) + 4(1848ξ − 367) cos8 θ (M/r)2 (A2r)
Arr4,2 [θ,M/r] = −8 cos6 θ
[
2(2912ξ − 577) cos2 θ − 7280ξ + 1429] (M/r)2 (A2s)
Arr4,3 [θ,M/r] = 0 (A2t)
Arr5,0 [θ,M/r] = 252(32ξ − 7) cos8 θ
(
3 cos2 θ − 4) (A2u)
Arr5,1 [θ,M/r] = 216 cos
6 θ
(
3 cos4 θ − 12 cos2 θ + 10) (A2v)
Arr5,2 [θ,M/r] = 0 (A2w)
Arr5,3 [θ,M/r] = 0. (A2x)
For the massive scalar field, the coefficients Aθθp,q appearing in the expression (11) of 〈T θθ〉ren are
11
Aθθ0,0 [θ,M/r] = 756(32ξ − 7)− 8(7056ξ − 1543) (M/r) (A3a)
Aθθ0,1 [θ,M/r] = −648− 16(4116ξ − 1093) (M/r) + 12(15288ξ − 3649) (M/r)2 (A3b)
Aθθ0,2 [θ,M/r] = 16(2912ξ − 739) (M/r)2 − 16(11928ξ − 2851) (M/r)3 (A3c)
Aθθ0,3 [θ,M/r] = 28(2106ξ − 497) (M/r)4 (A3d)
Aθθ1,0 [θ,M/r] = −252(32ξ − 7)
(
85 cos2 θ − 4)+ 288(5516ξ− 1207) cos2 θ (M/r) (A3e)
Aθθ1,1 [θ,M/r] = −648
(
cos2 θ + 4
)
+ 144
[
(8204ξ − 1763) cos2 θ − 588ξ + 169] (M/r)
−16(223104ξ− 48331) cos2 θ (M/r)2 (A3f)
Aθθ1,2 [θ,M/r] = −8
[
(55664ξ − 11807) cos2 θ − 7280ξ + 1969] (M/r)2 + 112(22048ξ− 4741) cos2 θ (M/r)3 (A3g)
Aθθ1,3 [θ,M/r] = −4(134414ξ− 28727) cos2 θ (M/r)4 (A3h)
Aθθ2,0 [θ,M/r] = 3528(32ξ − 7) cos2 θ
(
17 cos2 θ − 8)− 1008(4088ξ− 895) cos4 θ (M/r) (A3i)
Aθθ2,1 [θ,M/r] = 432
(
4 cos4 θ − 14 cos2 θ − 5)
−48 cos2 θ [7(5796ξ − 1261) cos2 θ − 3(10444ξ − 2181)] (M/r) + 8(766920ξ− 168349) cos4 θ (M/r)2 (A3j)
Aθθ2,2 [θ,M/r] = 8 cos
2 θ
[
7(7152ξ − 1561) cos2 θ − 68880ξ + 14029] (M/r)2
−272(10136ξ− 2241) cos4 θ (M/r)3 (A3k)
Aθθ2,3 [θ,M/r] = 4(88802ξ − 19981) cos4 θ (M/r)4 (A3l)
Aθθ3,0 [θ,M/r] = −3528(32ξ − 7) cos4 θ
(
11 cos2 θ − 20)+ 672(2772ξ − 607) cos6 θ (M/r) (A3m)
Aθθ3,1 [θ,M/r] = 1296 cos
2 θ
(
2 cos4 θ − 2 cos2 θ − 5)
+16 cos4 θ
[
(50820ξ − 11489) cos2 θ − 9(14980ξ − 3363)] (M/r)− 16(105168ξ− 23071) cos6 θ (M/r)2 (A3n)
Aθθ3,2 [θ,M/r] = −8 cos4 θ
[
(16016ξ − 3845) cos2 θ − 50064ξ + 11899] (M/r)2
+16(24304ξ− 5305) cos6 θ (M/r)3 (A3o)
Aθθ3,3 [θ,M/r] = −4(3962ξ − 773) cos6 θ (M/r)4 (A3p)
Aθθ4,0 [θ,M/r] = 252(32ξ − 7) cos6 θ
(
31 cos2 θ − 112)− 3528(32ξ − 7) cos8 θ (M/r) (A3q)
Aθθ4,1 [θ,M/r] = 648 cos
4 θ
(
cos4 θ + 4 cos2 θ − 10)
−48 cos6 θ [2(1260ξ − 253) cos2 θ − 3(2660ξ − 559)] (M/r) + 4(10248ξ − 2267) cos8 θ (M/r)2 (A3r)
Aθθ4,2 [θ,M/r] = 8 cos
6 θ
[
(1456ξ − 167) cos2 θ − 2800ξ + 327] (M/r)2 (A3s)
Aθθ4,3 [θ,M/r] = 0 (A3t)
Aθθ5,0 [θ,M/r] = −252(32ξ − 7) cos8 θ
(
cos2 θ − 4) (A3u)
Aθθ5,1 [θ,M/r] = −216 cos6 θ
(
cos4 θ − 8 cos2 θ + 10) (A3v)
Aθθ5,2 [θ,M/r] = 0 (A3w)
Aθθ5,3 [θ,M/r] = 0. (A3x)
For the massive scalar field, the coefficients Aϕϕp,q appearing in the expression (12) of 〈Tϕϕ〉ren are
Aϕϕ0,0 [θ,M/r] = 756(32ξ − 7)− 8(7056ξ − 1543) (M/r) (A4a)
Aϕϕ0,1 [θ,M/r] = −648− 16(4116ξ − 1093) (M/r) + 12(15288ξ − 3649) (M/r)2 (A4b)
Aϕϕ0,2 [θ,M/r] = 16(2912ξ − 739) (M/r)2 − 16(11928ξ − 2851) (M/r)3 (A4c)
Aϕϕ0,3 [θ,M/r] = 28(2106ξ − 497) (M/r)4 (A4d)
Aϕϕ1,0 [θ,M/r] = −20412(32ξ− 7) cos2 θ + 288
[
10(553ξ − 121) cos2 θ − 14ξ + 3] (M/r) (A4e)
Aϕϕ1,1 [θ,M/r] = 216
(
41 cos2 θ − 56)+ 288 [(3920ξ − 953) cos2 θ − 4(28ξ − 39)] (M/r)
−16 [9(24892ξ − 5541) cos2 θ − 2(462ξ − 769)] (M/r)2 (A4f)
Aϕϕ1,2 [θ,M/r] = −16
[
2(13216ξ − 3305) cos2 θ − 2240ξ + 1691] (M/r)2
+16
[
2(77728ξ − 17373) cos2 θ − 1120ξ + 1559] (M/r)3 (A4g)
Aϕϕ1,3 [θ,M/r] = −4
[
(136234ξ − 30411) cos2 θ − 4(455ξ − 421)] (M/r)4 (A4h)
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Aϕϕ2,0 [θ,M/r] = 31752(32ξ − 7) cos4 θ − 144 cos2 θ
[
(28868ξ − 6319) cos2 θ − 18(14ξ − 3)] (M/r) (A4i)
Aϕϕ2,1 [θ,M/r] = 432
(
22 cos4 θ + 38 cos2 θ − 75)
−48 [13(1176ξ − 205) cos4 θ − 126(48ξ − 11) cos2 θ − 1005] (M/r)
+8 cos2 θ
[
(784560ξ − 167617) cos2 θ − 12(1470ξ + 61)] (M/r)2 (A4j)
Aϕϕ2,2 [θ,M/r] = 48
[
414 cos4 θ − 7(448ξ − 87) cos2 θ − 506] (M/r)2
−16 cos2 θ [(181160ξ − 37343) cos2 θ − 2(4424ξ + 377)] (M/r)3 (A4k)
Aϕϕ2,3 [θ,M/r] = 4 cos
2 θ
[
(98602ξ − 19029) cos2 θ − 56(175ξ + 17)] (M/r)4 (A4l)
Aϕϕ3,0 [θ,M/r] = 31752(32ξ − 7) cos6 θ + 96 cos4 θ
[
2(9597ξ − 2102) cos2 θ + 15(14ξ − 3)] (M/r) (A4m)
Aϕϕ3,1 [θ,M/r] = −432
(
22 cos6 θ − 132 cos4 θ + 75 cos2 θ + 50)
−32 cos2 θ [2(23520ξ − 5293) cos4 θ − 18(280ξ − 199) cos2 θ − 2385] (M/r)
−16 cos4 θ [(108948ξ − 23677) cos2 θ − 6(630ξ − 101)] (M/r)2 (A4n)
Aϕϕ3,2 [θ,M/r] = 16 cos
2 θ
[
2(13216ξ − 2927) cos4 θ − 3(3136ξ − 1509) cos2 θ − 2700] (M/r)2
+16 cos4 θ
[
28(992ξ − 223) cos2 θ − 3472ξ + 939] (M/r)3 (A4o)
Aϕϕ3,3 [θ,M/r] = −4 cos4 θ
[
7(826ξ − 255) cos2 θ − 4(455ξ − 253)] (M/r)4 (A4p)
Aϕϕ4,0 [θ,M/r] = −20412(32ξ− 7) cos8 θ − 72 cos6 θ
[
(1288ξ − 283) cos2 θ + 20(14ξ − 3)] (M/r) (A4q)
Aϕϕ4,1 [θ,M/r] = −216 cos2 θ
(
41 cos6 θ − 76 cos4 θ − 150 cos2 θ + 200)
+48 cos4 θ
[
10(882ξ − 169) cos4 θ − 6(560ξ + 11) cos2 θ + 585] (M/r)
+4 cos6 θ
[
(9912ξ − 2131) cos2 θ + 8(42ξ − 17)] (M/r)2 (A4r)
Aϕϕ4,2 [θ,M/r] = −16 cos4 θ
[
(2912ξ − 253) cos4 θ − (2240ξ + 1009) cos2 θ + 1182] (M/r)2 (A4s)
Aϕϕ4,3 [θ,M/r] = 0 (A4t)
Aϕϕ5,0 [θ,M/r] = 756(32ξ − 7) cos10 θ (A4u)
Aϕϕ5,1 [θ,M/r] = 216 cos
4 θ
(
cos2 θ − 2) (3 cos4 θ − 50 cos2 θ + 50) (A4v)
Aϕϕ5,2 [θ,M/r] = 0 (A4w)
Aϕϕ5,3 [θ,M/r] = 0. (A4x)
For the massive scalar field, the coefficients Atϕp,q appearing in the expression (13) of 〈T tϕ〉ren are
Atϕ0,0 [θ,M/r] = −72(84ξ − 17) (M/r) (A5a)
Atϕ0,1 [θ,M/r] = −2160 + 7056 (M/r) + 28(672ξ − 293) (M/r)2 (A5b)
Atϕ0,2 [θ,M/r] = −3444 (M/r)2 − 32(609ξ − 253) (M/r)3 (A5c)
Atϕ0,3 [θ,M/r] = 72(91ξ − 32) (M/r)4 (A5d)
Atϕ1,0 [θ,M/r] = 144
[
(910ξ − 181) cos2 θ − 14ξ + 3] (M/r) (A5e)
Atϕ1,1 [θ,M/r] = 2160
(
cos2 θ − 6)− 72 (33 cos2 θ − 397) (M/r)
−16 [(18606ξ − 3505) cos2 θ − 462ξ + 769] (M/r)2 (A5f)
Atϕ1,2 [θ,M/r] = −12
(
13 cos2 θ + 1191
)
(M/r)
2
+ 8
[
7(3836ξ − 677) cos2 θ − 1120ξ + 1559] (M/r)3 (A5g)
Atϕ1,3 [θ,M/r] = −8
[
(6118ξ − 1011) cos2 θ − 455ξ + 421] (M/r)4 (A5h)
Atϕ2,0 [θ,M/r] = −144 cos2 θ
[
10(189ξ − 37) cos2 θ − 9(14ξ − 3)] (M/r) (A5i)
Atϕ2,1 [θ,M/r] = 4320
(
2 cos4 θ − 2 cos2 θ − 5)− 72 (240 cos4 θ − 353 cos2 θ − 335) (M/r)
+8 cos2 θ
[
(55860ξ − 9617) cos2 θ − 6(1470ξ + 61)] (M/r)2 (A5j)
Atϕ2,2 [θ,M/r] = 12
(
671 cos4 θ − 1381 cos2 θ − 1012) (M/r)2
−16 cos2 θ [(14014ξ − 2133) cos2 θ − 4424ξ − 377] (M/r)3 (A5k)
Atϕ2,3 [θ,M/r] = 8 cos
2 θ
[
(4123ξ − 530) cos2 θ − 14(175ξ + 17)] (M/r)4 (A5l)
Atϕ3,0 [θ,M/r] = 144 cos
4 θ
[
(714ξ − 139) cos2 θ + 5(14ξ − 3)] (M/r) (A5m)
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Atϕ3,1 [θ,M/r] = 2160
(
cos6 θ + 9 cos4 θ − 15 cos2 θ − 5)− 72 cos2 θ (73 cos4 θ + 261 cos2 θ − 530) (M/r)
−16 cos4 θ [(7266ξ − 1525) cos2 θ − 3(630ξ − 101)] (M/r)2 (A5n)
Atϕ3,2 [θ,M/r] = 12 cos
2 θ
(
289 cos4 θ + 531 cos2 θ − 1800) (M/r)2
+8 cos4 θ
[
(4508ξ − 1231) cos2 θ − 3472ξ + 939] (M/r)3 (A5o)
Atϕ3,3 [θ,M/r] = −8 cos4 θ
[
(364ξ − 191) cos2 θ − 455ξ + 253] (M/r)4 (A5p)
Atϕ4,0 [θ,M/r] = −72 cos6 θ
[
(56ξ − 11) cos2 θ + 10(14ξ − 3)] (M/r) (A5q)
Atϕ4,1 [θ,M/r] = −2160 cos2 θ
(
cos6 θ − 6 cos4 θ + 10)+ 72 cos4 θ (36 cos4 θ − 217 cos2 θ + 195) (M/r)
+4 cos6 θ
[
9(56ξ − 11) cos2 θ + 4(42ξ − 17)] (M/r)2 (A5r)
Atϕ4,2 [θ,M/r] = −12 cos4 θ
(
108 cos4 θ − 721 cos2 θ + 788) (M/r)2 (A5s)
Atϕ4,3 [θ,M/r] = 0 (A5t)
Atϕ5,0 [θ,M/r] = 0 (A5u)
Atϕ5,1 [θ,M/r] = −2160 cos4 θ
(
cos4 θ − 5 cos2 θ + 5) (A5v)
Atϕ5,2 [θ,M/r] = 0 (A5w)
Atϕ5,3 [θ,M/r] = 0. (A5x)
For the massive scalar field, the coefficients Aϕtp,q appearing in the expression (14) of 〈Tϕt〉ren are
Aϕt0,0 [θ,M/r] = 144(14ξ − 3) (M/r) (A6a)
Aϕt0,1 [θ,M/r] = 2160− 9648 (M/r)− 16(462ξ − 769) (M/r)2 (A6b)
Aϕt0,2 [θ,M/r] = 4740 (M/r)
2
+ 8(1120ξ − 1559) (M/r)3 (A6c)
Aϕt0,3 [θ,M/r] = −8(455ξ − 421) (M/r)4 (A6d)
Aϕt1,0 [θ,M/r] = −1296(14ξ− 3) cos2 θ (M/r) (A6e)
Aϕt1,1 [θ,M/r] = −2160
(
cos2 θ − 5)− 72 (39 cos2 θ + 335) (M/r) + 48(1470ξ+ 61) cos2 θ (M/r)2 (A6f)
Aϕt1,2 [θ,M/r] = 12
(
229 cos2 θ + 1012
)
(M/r)
2 − 16(4424ξ + 377) cos2 θ (M/r)3 (A6g)
Aϕt1,3 [θ,M/r] = 112(175ξ+ 17) cos
2 θ (M/r)
4
(A6h)
Aϕt2,0 [θ,M/r] = −720(14ξ − 3) cos4 θ (M/r) (A6i)
Aϕt2,1 [θ,M/r] = −2160
(
4 cos4 θ − 5 cos2 θ − 5)+ 720 cos2 θ (24 cos2 θ − 53) (M/r)
−48(630ξ − 101) cos4 θ (M/r)2 (A6j)
Aϕt2,2 [θ,M/r] = −12 cos2 θ
(
671 cos2 θ − 1800) (M/r)2 + 8(3472ξ − 939) cos4 θ (M/r)3 (A6k)
Aϕt2,3 [θ,M/r] = −8(455ξ − 253) cos4 θ (M/r)4 (A6l)
Aϕt3,0 [θ,M/r] = 720(14ξ − 3) cos6 θ (M/r) (A6m)
Aϕt3,1 [θ,M/r] = −2160 cos2 θ
(
cos4 θ + 5 cos2 θ − 10)+ 360 cos4 θ (29 cos2 θ − 39) (M/r)
−16(42ξ − 17) cos6 θ (M/r)2 (A6n)
Aϕt3,2 [θ,M/r] = −12 cos4 θ
(
505 cos2 θ − 788) (M/r)2 (A6o)
Aϕt3,3 [θ,M/r] = 0 (A6p)
Aϕt4,0 [θ,M/r] = 0 (A6q)
Aϕt4,1 [θ,M/r] = 2160 cos
4 θ
(
cos4 θ − 5 cos2 θ + 5) (A6r)
Aϕt4,2 [θ,M/r] = 0 (A6s)
Aϕt4,3 [θ,M/r] = 0. (A6t)
For the massive scalar field, the coefficients Arθp,q appearing in the expression (15) of 〈T rθ〉ren are
Arθ0,0 [θ,M/r] = 72(32ξ − 7)− 144(32ξ − 7) (M/r) (A7a)
Arθ0,1 [θ,M/r] = −36(109ξ − 24) (M/r) + 72(141ξ − 31) (M/r)2 (A7b)
Arθ0,2 [θ,M/r] = 10(168ξ − 37) (M/r)2 − 4(1821ξ − 401) (M/r)3 (A7c)
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Arθ0,3 [θ,M/r] = 10(168ξ − 37) (M/r)4 (A7d)
Arθ1,0 [θ,M/r] = −72(32ξ − 7)
(
7 cos2 θ − 1)+ 1008(32ξ − 7) cos2 θ (M/r) (A7e)
Arθ1,1 [θ,M/r] = 12
[
5(339ξ − 74) cos2 θ − 3(109ξ − 24)] (M/r)− 24(2367ξ − 517) cos2 θ (M/r)2 (A7f)
Arθ1,2 [θ,M/r] = −2
[
2(1464ξ − 319) cos2 θ − 5(168ξ − 37)] (M/r)2 + 4(8013ξ − 1748) cos2 θ (M/r)3 (A7g)
Arθ1,3 [θ,M/r] = −4(1464ξ − 319) cos2 θ (M/r)4 (A7h)
Arθ2,0 [θ,M/r] = 504(32ξ − 7) cos2 θ(cos2 θ − 1)− 1008(32ξ− 7) cos4 θ (M/r) (A7i)
Arθ2,1 [θ,M/r] = −60 cos2 θ
[
(201ξ − 44) cos2 θ − 339ξ + 74] (M/r) + 24(1677ξ − 367) cos4 θ (M/r)2 (A7j)
Arθ2,2 [θ,M/r] = 2 cos
2 θ
[
5(168ξ − 37) cos2 θ − 2(1464ξ − 319)] (M/r)2 − 20(771ξ − 169) cos4 θ (M/r)3 (A7k)
Arθ2,3 [θ,M/r] = 10(168ξ − 37) cos4 θ (M/r)4 (A7l)
Arθ3,0 [θ,M/r] = −72(32ξ − 7) cos4 θ
(
cos2 θ − 7)+ 144(32ξ − 7) cos6 θ (M/r) (A7m)
Arθ3,1 [θ,M/r] = 60 cos
4 θ
[
(9ξ − 2) cos2 θ − 201ξ + 44] (M/r)− 24(141ξ − 31) cos6 θ (M/r)2 (A7n)
Arθ3,2 [θ,M/r] = 10(168ξ − 37) cos4 θ (M/r)2 + 60(9ξ − 2) cos6 θ (M/r)3 (A7o)
Arθ3,3 [θ,M/r] = 0 (A7p)
Arθ4,0 [θ,M/r] = −72(32ξ − 7) cos6 θ (A7q)
Arθ4,1 [θ,M/r] = 60(9ξ − 2) cos6 θ (M/r) (A7r)
Arθ4,2 [θ,M/r] = 0 (A7s)
Arθ4,3 [θ,M/r] = 0. (A7t)
For the massive scalar field, the coefficients Aθrp,q appearing in the expression (16) of 〈T θr〉ren are
Aθr0,0 [θ,M/r] = 72(32ξ − 7) (A8a)
Aθr0,1 [θ,M/r] = −36(109ξ − 24) (M/r) (A8b)
Aθr0,2 [θ,M/r] = 10(168ξ − 37) (M/r)2 (A8c)
Aθr1,0 [θ,M/r] = −504(32ξ − 7) cos2 θ (A8d)
Aθr1,1 [θ,M/r] = 60(339ξ − 74) cos2 θ (M/r) (A8e)
Aθr1,2 [θ,M/r] = −4(1464ξ − 319) cos2 θ (M/r)2 (A8f)
Aθr2,0 [θ,M/r] = 504(32ξ − 7) cos4 θ (A8g)
Aθr2,1 [θ,M/r] = −60(201ξ − 44) cos4 θ (M/r) (A8h)
Aθr2,2 [θ,M/r] = 10(168ξ − 37) cos4 θ (M/r)2 (A8i)
Aθr3,0 [θ,M/r] = −72(32ξ − 7) cos6 θ (A8j)
Aθr3,1 [θ,M/r] = 60(9ξ − 2) cos6 θ (M/r) (A8k)
Aθr3,2 [θ,M/r] = 0. (A8l)
2. Massive Dirac field
For the massive Dirac field, the coefficients Attp,q appearing in the expression (9) of 〈T tt〉ren are
Att0,0 [θ,M/r] = −1080 + 2384 (M/r) (A9a)
Att0,1 [θ,M/r] = 5400− 22464 (M/r) + 21832 (M/r)2 (A9b)
Att0,2 [θ,M/r] = 10544 (M/r)
2 − 21496 (M/r)3 (A9c)
Att0,3 [θ,M/r] = 4917 (M/r)
4 (A9d)
Att1,0 [θ,M/r] = 29160 cos
2 θ − 288 (251 cos2 θ + 1) (M/r) (A9e)
Att1,1 [θ,M/r] = −5400
(
7 cos2 θ − 12)+ 288 (185 cos2 θ − 691) (M/r) + 16 (7805 cos2 θ + 7277) (M/r)2 (A9f)
Att1,2 [θ,M/r] = −64
(
497 cos2 θ − 1616) (M/r)2 − 8 (10010 cos2 θ + 15373) (M/r)3 (A9g)
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Att1,3 [θ,M/r] = (17765 cos
2 θ + 32546) (M/r)
4
(A9h)
Att2,0 [θ,M/r] = −45360 cos4 θ + 2592 cos2 θ
(
76 cos2 θ + 1
)
(M/r) (A9i)
Att2,1 [θ,M/r] = −10800
(
4 cos4 θ + 6 cos2 θ − 15)+ 288 (628 cos4 θ − 111 cos2 θ − 855) (M/r)
−240 cos2 θ (1658 cos2 θ − 535) (M/r)2 (A9j)
Att2,2 [θ,M/r] = −96
(
900 cos4 θ − 422 cos2 θ − 1349) (M/r)2 + 8 cos2 θ (30793 cos2 θ − 20378) (M/r)3 (A9k)
Att2,3 [θ,M/r] = − cos2 θ
(
48149 cos2 θ − 49476) (M/r)4 (A9l)
Att3,0 [θ,M/r] = −45360 cos6 θ − 96 cos4 θ
(
967 cos2 θ − 15) (M/r) (A9m)
Att3,1 [θ,M/r] = 10800
(
4 cos6 θ − 24 cos4 θ + 15 cos2 θ + 10)
+1440 cos2 θ
(
21 cos4 θ + 247 cos2 θ − 258) (M/r) + 16 cos4 θ (4751 cos2 θ − 645) (M/r)2 (A9n)
Att3,2 [θ,M/r] = −64 cos2 θ
(
178 cos4 θ + 2742 cos2 θ − 3375) (M/r)2 + 24 cos4 θ (140 cos2 θ − 687) (M/r)3 (A9o)
Att3,3 [θ,M/r] = − cos4 θ
(
8773 cos2 θ − 11042) (M/r)4 (A9p)
Att4,0 [θ,M/r] = 29160 cos
8 θ + 144 cos6 θ
(
43 cos2 θ − 10) (M/r) (A9q)
Att4,1 [θ,M/r] = 5400 cos
2 θ
(
7 cos6 θ − 12 cos4 θ − 30 cos2 θ + 40)
−1440 cos4 θ (52 cos4 θ − 131 cos2 θ + 87) (M/r)− 8 cos6 θ (325 cos2 θ − 158) (M/r)2 (A9r)
Att4,2 [θ,M/r] = 16 cos
4 θ
(
2041 cos4 θ − 7036 cos2 θ + 5406) (M/r)2 (A9s)
Att4,3 [θ,M/r] = 0 (A9t)
Att5,0 [θ,M/r] = −1080 cos10 θ (A9u)
Att5,1 [θ,M/r] = −5400 cos4 θ
(
cos2 θ − 2) (cos4 θ − 10 cos2 θ + 10) (A9v)
Att5,2 [θ,M/r] = 0 (A9w)
Att5,3 [θ,M/r] = 0. (A9x)
For the massive Dirac field, the coefficients Arrp,q appearing in the expression (10) of 〈T rr〉ren are
Arr0,0 [θ,M/r] = 504− 784 (M/r) (A10a)
Arr0,1 [θ,M/r] = 1080− 6336 (M/r) + 8440 (M/r)2 (A10b)
Arr0,2 [θ,M/r] = 3560 (M/r)
2 − 8680 (M/r)3 (A10c)
Arr0,3 [θ,M/r] = 2253 (M/r)
4
(A10d)
Arr1,0 [θ,M/r] = −504
(
31 cos2 θ − 4)+ 16128 cos2 θ (M/r) (A10e)
Arr1,1 [θ,M/r] = −1080
(
3 cos2 θ − 8)+ 144 (189 cos2 θ − 169) (M/r)− 16160 cos2 θ (M/r)2 (A10f)
Arr1,2 [θ,M/r] = −8
(
1141 cos2 θ − 1563) (M/r)2 + 88 cos2 θ (M/r)3 (A10g)
Arr1,3 [θ,M/r] = 2015 cos
2 θ (M/r)
4
(A10h)
Arr2,0 [θ,M/r] = 7056 cos
2 θ
(
11 cos2 θ − 8)− 22176 cos4 θ (M/r) (A10i)
Arr2,1 [θ,M/r] = −2160
(
6 cos4 θ − 6 cos2 θ − 5)− 144 cos2 θ (429 cos2 θ − 193) (M/r)
+31440 cos4 θ (M/r)
2
(A10j)
Arr2,2 [θ,M/r] = 8 cos
2 θ
(
1313 cos2 θ + 307
)
(M/r)
2 − 18840 cos4 θ (M/r)3 (A10k)
Arr2,3 [θ,M/r] = 4887 cos
4 θ (M/r)
4
(A10l)
Arr3,0 [θ,M/r] = −7056 cos4 θ
(
17 cos2 θ − 20)− 2688 cos6 θ (M/r) (A10m)
Arr3,1 [θ,M/r] = −2160 cos2 θ
(
4 cos4 θ + 6 cos2 θ − 15)+ 9360 cos4 θ (15 cos2 θ − 19) (M/r)
+4064 cos6 θ (M/r)
2
(A10n)
Arr3,2 [θ,M/r] = −8 cos4 θ
(
5275 cos2 θ − 7013) (M/r)2 − 1496 cos6 θ (M/r)3 (A10o)
Arr3,3 [θ,M/r] = 773 cos
6 θ (M/r)4 (A10p)
Arr4,0 [θ,M/r] = 504 cos
6 θ
(
85 cos2 θ − 112)+ 1584 cos8 θ (M/r) (A10q)
Arr4,1 [θ,M/r] = 1080 cos
4 θ
(
3 cos4 θ − 28 cos2 θ + 30)− 720 cos6 θ (31 cos2 θ − 39) (M/r)
16
+248 cos8 θ (M/r)
2
(A10r)
Arr4,2 [θ,M/r] = −40 cos6 θ
(
22 cos2 θ − 41) (M/r)2 (A10s)
Arr4,3 [θ,M/r] = 0 (A10t)
Arr5,0 [θ,M/r] = −504 cos8 θ
(
3 cos2 θ − 4) (A10u)
Arr5,1 [θ,M/r] = 1080 cos
6 θ
(
3 cos4 θ − 12 cos2 θ + 10) (A10v)
Arr5,2 [θ,M/r] = 0 (A10w)
Arr5,3 [θ,M/r] = 0. (A10x)
For the massive Dirac field, the coefficients Aθθp,q appearing in the expression (11) of 〈T θθ〉ren are
Aθθ0,0 [θ,M/r] = −1512 + 3536 (M/r) (A11a)
Aθθ0,1 [θ,M/r] = −3240 + 20016 (M/r)− 30808 (M/r)2 (A11b)
Aθθ0,2 [θ,M/r] = −12080 (M/r)2 + 33984 (M/r)3 (A11c)
Aθθ0,3 [θ,M/r] = −9933 (M/r)4 (A11d)
Aθθ1,0 [θ,M/r] = 504
(
85 cos2 θ − 4)− 99072 cos2 θ (M/r) (A11e)
Aθθ1,1 [θ,M/r] = −3240
(
cos2 θ + 4
)− 144 (359 cos2 θ − 243) (M/r) + 186272 cos2 θ (M/r)2 (A11f)
Aθθ1,2 [θ,M/r] = 40
(
299 cos2 θ − 499) (M/r)2 − 106960 cos2 θ (M/r)3 (A11g)
Aθθ1,3 [θ,M/r] = 18817 cos
2 θ (M/r)
4
(A11h)
Aθθ2,0 [θ,M/r] = −7056 cos2 θ
(
17 cos2 θ − 8)+ 256032 cos4 θ (M/r) (A11i)
Aθθ2,1 [θ,M/r] = 2160
(
4 cos4 θ − 14 cos2 θ − 5)+ 144 cos2 θ (749 cos2 θ − 139) (M/r)
−393360 cos4 θ (M/r)2 (A11j)
Aθθ2,2 [θ,M/r] = −8 cos2 θ
(
2933 cos2 θ + 1087
)
(M/r)
2
+ 196128 cos4 θ (M/r)
3
(A11k)
Aθθ2,3 [θ,M/r] = −31959 cos4 θ (M/r)4 (A11l)
Aθθ3,0 [θ,M/r] = 7056 cos
4 θ
(
11 cos2 θ − 20)− 115584 cos6 θ (M/r) (A11m)
Aθθ3,1 [θ,M/r] = 6480 cos
2 θ
(
2 cos4 θ − 2 cos2 θ − 5)− 720 cos4 θ (113 cos2 θ − 269) (M/r)
+108448 cos6 θ (M/r)
2
(A11n)
Aθθ3,2 [θ,M/r] = 8 cos
4 θ
(
2761 cos2 θ − 7793) (M/r)2 − 23888 cos6 θ (M/r)3 (A11o)
Aθθ3,3 [θ,M/r] = −549 cos6 θ (M/r)4 (A11p)
Aθθ4,0 [θ,M/r] = −504 cos6 θ
(
31 cos2 θ − 112)+ 7056 cos8 θ (M/r) (A11q)
Aθθ4,1 [θ,M/r] = 3240 cos
4 θ
(
cos4 θ + 4 cos2 θ − 10)− 720 cos6 θ (4 cos2 θ + 13) (M/r)
−3032 cos8 θ (M/r)2 (A11r)
Aθθ4,2 [θ,M/r] = 8 cos
6 θ
(
635 cos2 θ − 1137) (M/r)2 (A11s)
Aθθ4,3 [θ,M/r] = 0 (A11t)
Aθθ5,0 [θ,M/r] = 504 cos
8 θ
(
cos2 θ − 4) (A11u)
Aθθ5,1 [θ,M/r] = −1080 cos6 θ
(
cos4 θ − 8 cos2 θ + 10) (A11v)
Aθθ5,2 [θ,M/r] = 0 (A11w)
Aθθ5,3 [θ,M/r] = 0. (A11x)
For the massive Dirac field, the coefficients Aϕϕp,q appearing in the expression (12) of 〈Tϕϕ〉ren are
Aϕϕ0,0 [θ,M/r] = −1512 + 3536 (M/r) (A12a)
Aϕϕ0,1 [θ,M/r] = −3240 + 20016 (M/r)− 30808 (M/r)2 (A12b)
Aϕϕ0,2 [θ,M/r] = −12080 (M/r)2 + 33984 (M/r)3 (A12c)
Aϕϕ0,3 [θ,M/r] = −9933 (M/r)4 (A12d)
Aϕϕ1,0 [θ,M/r] = 40824 cos
2 θ − 288 (345 cos2 θ − 1) (M/r) (A12e)
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Aϕϕ1,1 [θ,M/r] = 1080
(
41 cos2 θ − 56)− 576 (370 cos2 θ − 341) (M/r) + 16 (18919 cos2 θ − 7277) (M/r)2 (A12f)
Aϕϕ1,2 [θ,M/r] = 160
(
617 cos2 θ − 667) (M/r)2 − 8 (28743 cos2 θ − 15373) (M/r)3 (A12g)
Aϕϕ1,3 [θ,M/r] = (51363 cos
2 θ − 32546) (M/r)4 (A12h)
Aϕϕ2,0 [θ,M/r] = −63504 cos4 θ + 288 cos2 θ
(
898 cos2 θ − 9) (M/r) (A12i)
Aϕϕ2,1 [θ,M/r] = 2160
(
22 cos4 θ + 38 cos2 θ − 75)− 288 (382 cos4 θ + 168 cos2 θ − 855) (M/r)
−240 cos2 θ (1104 cos2 θ + 535) (M/r)2 (A12j)
Aϕϕ2,2 [θ,M/r] = 96
(
1035 cos4 θ − 21 cos2 θ − 1349) (M/r)2 + 16 cos2 θ (2069 cos2 θ + 10189) (M/r)3 (A12k)
Aϕϕ2,3 [θ,M/r] = 3 cos
2 θ
(
5839 cos2 θ − 16492) (M/r)4 (A12l)
Aϕϕ3,0 [θ,M/r] = −63504 cos6 θ − 96 cos4 θ
(
1189 cos2 θ + 15
)
(M/r) (A12m)
Aϕϕ3,1 [θ,M/r] = −2160
(
22 cos6 θ − 132 cos4 θ + 75 cos2 θ + 50)
+2880 cos2 θ
(
53 cos4 θ − 143 cos2 θ + 129) (M/r) + 16 cos4 θ (6133 cos2 θ + 645) (M/r)2 (A12n)
Aϕϕ3,2 [θ,M/r] = −32 cos2 θ
(
1195 cos4 θ − 6687 cos2 θ + 6750) (M/r)2
−8 cos4 θ (5047 cos2 θ − 2061) (M/r)3 (A12o)
Aϕϕ3,3 [θ,M/r] = cos
4 θ
(
10493 cos2 θ − 11042) (M/r)4 (A12p)
Aϕϕ4,0 [θ,M/r] = 40824 cos
8 θ + 144 cos6 θ
(
39 cos2 θ + 10
)
(M/r) (A12q)
Aϕϕ4,1 [θ,M/r] = −1080 cos2 θ
(
41 cos6 θ − 76 cos4 θ − 150 cos2 θ + 200)
+720 cos4 θ
(
41 cos4 θ − 232 cos2 θ + 174) (M/r)− 8 cos6 θ (221 cos2 θ + 158) (M/r)2 (A12r)
Aϕϕ4,2 [θ,M/r] = −16 cos4 θ
(
1675 cos4 θ − 6830 cos2 θ + 5406) (M/r)2 (A12s)
Aϕϕ4,3 [θ,M/r] = 0 (A12t)
Aϕϕ5,0 [θ,M/r] = −1512 cos10 θ (A12u)
Aϕϕ5,1 [θ,M/r] = 1080 cos
4 θ
(
cos2 θ − 2) (3 cos4 θ − 50 cos2 θ + 50) (A12v)
Aϕϕ5,2 [θ,M/r] = 0 (A12w)
Aϕϕ5,3 [θ,M/r] = 0. (A12x)
For the massive Dirac field, the coefficients Atϕp,q appearing in the expression (13) of 〈T tϕ〉ren are
Atϕ0,0 [θ,M/r] = 576 (M/r) (A13a)
Atϕ0,1 [θ,M/r] = −10800+ 37296 (M/r)− 26320 (M/r)2 (A13b)
Atϕ0,2 [θ,M/r] = −20160 (M/r)2 + 27740 (M/r)3 (A13c)
Atϕ0,3 [θ,M/r] = −7425 (M/r)4 (A13d)
Atϕ1,0 [θ,M/r] = −144
(
93 cos2 θ − 1) (M/r) (A13e)
Atϕ1,1 [θ,M/r] = 10800
(
cos2 θ − 6)− 576 (39 cos2 θ − 256) (M/r) + 8 (3837 cos2 θ − 7277) (M/r)2 (A13f)
Atϕ1,2 [θ,M/r] = 96
(
47 cos2 θ − 817) (M/r)2 − 4 (3360 cos2 θ − 15373) (M/r)3 (A13g)
Atϕ1,3 [θ,M/r] = (526 cos
2 θ − 16273) (M/r)4 (A13h)
Atϕ2,0 [θ,M/r] = 144 cos
2 θ
(
205 cos2 θ − 9) (M/r) (A13i)
Atϕ2,1 [θ,M/r] = 21600
(
2 cos4 θ − 2 cos2 θ − 5)− 144 (635 cos4 θ − 774 cos2 θ − 855) (M/r)
+120 cos2 θ
(
19 cos2 θ − 535) (M/r)2 (A13j)
Atϕ2,2 [θ,M/r] = 48
(
949 cos4 θ − 1616 cos2 θ − 1349) (M/r)2 − 4 cos2 θ (6277 cos2 θ − 20378) (M/r)3 (A13k)
Atϕ2,3 [θ,M/r] = cos
2 θ
(
8095 cos2 θ − 24738) (M/r)4 (A13l)
Atϕ3,0 [θ,M/r] = −144 cos4 θ
(
79 cos2 θ + 5
)
(M/r) (A13m)
Atϕ3,1 [θ,M/r] = 10800
(
cos6 θ + 9 cos4 θ − 15 cos2 θ − 5)
−1440 cos2 θ (13 cos4 θ + 74 cos2 θ − 129) (M/r) + 8 cos4 θ (2027 cos2 θ + 645) (M/r)2 (A13n)
Atϕ3,2 [θ,M/r] = 288 cos
2 θ
(
50 cos4 θ + 143 cos2 θ − 375) (M/r)2 − 4 cos4 θ (3406 cos2 θ − 2061) (M/r)3 (A13o)
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Atϕ3,3 [θ,M/r] = cos
4 θ
(
4112 cos2 θ − 5521) (M/r)4 (A13p)
Atϕ4,0 [θ,M/r] = 144 cos
6 θ
(
3 cos2 θ + 5
)
(M/r) (A13q)
Atϕ4,1 [θ,M/r] = −10800 cos2 θ
(
cos6 θ − 6 cos4 θ + 10)+ 720 cos4 θ (18 cos4 θ − 98 cos2 θ + 87) (M/r)
−8 cos6 θ (27 cos2 θ + 79) (M/r)2 (A13r)
Atϕ4,2 [θ,M/r] = −48 cos4 θ
(
135 cos4 θ − 840 cos2 θ + 901) (M/r)2 (A13s)
Atϕ4,3 [θ,M/r] = 0 (A13t)
Atϕ5,0 [θ,M/r] = 0 (A13u)
Atϕ5,1 [θ,M/r] = −10800 cos4 θ
(
cos4 θ − 5 cos2 θ + 5) (A13v)
Atϕ5,2 [θ,M/r] = 0 (A13w)
Atϕ5,3 [θ,M/r] = 0. (A13x)
For the massive Dirac field, the coefficients Aϕtp,q appearing in the expression (14) of 〈Tϕt〉ren are
Aϕt0,0 [θ,M/r] = −144 (M/r) (A14a)
Aϕt0,1 [θ,M/r] = 10800− 50256 (M/r) + 58216 (M/r)2 (A14b)
Aϕt0,2 [θ,M/r] = 26640 (M/r)
2 − 61492 (M/r)3 (A14c)
Aϕt0,3 [θ,M/r] = 16273 (M/r)
4
(A14d)
Aϕt1,0 [θ,M/r] = 1296 cos
2 θ (M/r) (A14e)
Aϕt1,1 [θ,M/r] = −10800
(
cos2 θ − 5)− 432 (8 cos2 θ + 285) (M/r) + 64200 cos2 θ (M/r)2 (A14f)
Aϕt1,2 [θ,M/r] = 48
(
176 cos2 θ + 1349
)
(M/r)2 − 81512 cos2 θ (M/r)3 (A14g)
Aϕt1,3 [θ,M/r] = 24738 cos
2 θ (M/r)
4
(A14h)
Aϕt2,0 [θ,M/r] = 720 cos
4 θ (M/r) (A14i)
Aϕt2,1 [θ,M/r] = −10800
(
4 cos4 θ − 5 cos2 θ − 5)+ 720 cos2 θ (127 cos2 θ − 258) (M/r)
−5160 cos4 θ (M/r)2 (A14j)
Aϕt2,2 [θ,M/r] = −48 cos2 θ
(
949 cos2 θ − 2250) (M/r)2 − 8244 cos4 θ (M/r)3 (A14k)
Aϕt2,3 [θ,M/r] = 5521 cos
4 θ (M/r)
4
(A14l)
Aϕt3,0 [θ,M/r] = −720 cos6 θ (M/r) (A14m)
Aϕt3,1 [θ,M/r] = −10800 cos2 θ
(
cos4 θ + 5 cos2 θ − 10)+ 720 cos4 θ (62 cos2 θ − 87) (M/r)
+632 cos6 θ (M/r)
2
(A14n)
Aϕt3,2 [θ,M/r] = −48 cos4 θ
(
570 cos2 θ − 901) (M/r)2 (A14o)
Aϕt3,3 [θ,M/r] = 0 (A14p)
Aϕt4,0 [θ,M/r] = 0 (A14q)
Aϕt4,1 [θ,M/r] = 10800 cos
4 θ
(
cos4 θ − 5 cos2 θ + 5) (A14r)
Aϕt4,2 [θ,M/r] = 0 (A14s)
Aϕt4,3 [θ,M/r] = 0. (A14t)
For the massive Dirac field, the coefficients Arθp,q appearing in the expression (15) of 〈T rθ〉ren are
Arθ0,0 [θ,M/r] = −144 + 288 (M/r) (A15a)
Arθ0,1 [θ,M/r] = 279 (M/r)− 702 (M/r)2 (A15b)
Arθ0,2 [θ,M/r] = −125 (M/r)2 + 529 (M/r)3 (A15c)
Arθ0,3 [θ,M/r] = −125 (M/r)4 (A15d)
Arθ1,0 [θ,M/r] = 144
(
7 cos2 θ − 1)− 2016 cos2 θ (M/r) (A15e)
Arθ1,1 [θ,M/r] = −9
(
135 cos2 θ − 31) (M/r) + 3438 cos2 θ (M/r)2 (A15f)
Arθ1,2 [θ,M/r] = (326 cos
2 θ − 125) (M/r)2 − 1867 cos2 θ (M/r)3 (A15g)
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Arθ1,3 [θ,M/r] = 326 cos
2 θ (M/r)
4
(A15h)
Arθ2,0 [θ,M/r] = −1008 cos2 θ
(
cos2 θ − 1)+ 2016 cos4 θ (M/r) (A15i)
Arθ2,1 [θ,M/r] = 45 cos
2 θ
(
17 cos2 θ − 27) (M/r)− 2538 cos4 θ (M/r)2 (A15j)
Arθ2,2 [θ,M/r] = − cos2 θ
(
125 cos2 θ − 326) (M/r)2 + 1015 cos4 θ (M/r)3 (A15k)
Arθ2,3 [θ,M/r] = −125 cos4 θ (M/r)4 (A15l)
Arθ3,0 [θ,M/r] = 144 cos
4 θ
(
cos2 θ − 7)− 288 cos6 θ (M/r) (A15m)
Arθ3,1 [θ,M/r] = −45 cos4 θ
(
cos2 θ − 17) (M/r) + 234 cos6 θ (M/r)2 (A15n)
Arθ3,2 [θ,M/r] = −125 cos4 θ (M/r)2 − 45 cos6 θ (M/r)3 (A15o)
Arθ3,3 [θ,M/r] = 0 (A15p)
Arθ4,0 [θ,M/r] = 144 cos
6 θ (A15q)
Arθ4,1 [θ,M/r] = −45 cos6 θ (M/r) (A15r)
Arθ4,2 [θ,M/r] = 0 (A15s)
Arθ4,3 [θ,M/r] = 0. (A15t)
For the massive Dirac field, the coefficients Aθrp,q appearing in the expression (16) of 〈T θr〉ren are
Aθr0,0 [θ,M/r] = −144 (A16a)
Aθr0,1 [θ,M/r] = 279 (M/r) (A16b)
Aθr0,2 [θ,M/r] = −125 (M/r)2 (A16c)
Aθr1,0 [θ,M/r] = 1008 cos
2 θ (A16d)
Aθr1,1 [θ,M/r] = −1215 cos2 θ (M/r) (A16e)
Aθr1,2 [θ,M/r] = 326 cos
2 θ (M/r)
2
(A16f)
Aθr2,0 [θ,M/r] = −1008 cos4 θ (A16g)
Aθr2,1 [θ,M/r] = 765 cos
4 θ (M/r) (A16h)
Aθr2,2 [θ,M/r] = −125 cos4 θ (M/r)2 (A16i)
Aθr3,0 [θ,M/r] = 144 cos
6 θ (A16j)
Aθr3,1 [θ,M/r] = −45 cos6 θ (M/r) (A16k)
Aθr3,2 [θ,M/r] = 0. (A16l)
3. Proca field
For the Proca field, the coefficients Attp,q appearing in the expression (9) of 〈T tt〉ren are
Att0,0 [θ,M/r] = 6660− 14664 (M/r) (A17a)
Att0,1 [θ,M/r] = 48600− 276096 (M/r) + 374148 (M/r)2 (A17b)
Att0,2 [θ,M/r] = 167416 (M/r)
2 − 430064 (M/r)3 (A17c)
Att0,3 [θ,M/r] = 124228 (M/r)
4
(A17d)
Att1,0 [θ,M/r] = −179820 cos2 θ + 288
(
1528 cos2 θ + 5
)
(M/r) (A17e)
Att1,1 [θ,M/r] = −48600
(
7 cos2 θ − 12)+ 144 (10435 cos2 θ − 13313) (M/r)
−48 (36771 cos2 θ − 23602) (M/r)2 (A17f)
Att1,2 [θ,M/r] = −16
(
47215 cos2 θ − 69264) (M/r)2 + 16 (91476 cos2 θ − 81229) (M/r)3 (A17g)
Att1,3 [θ,M/r] = −4
(
86153 cos2 θ − 92104) (M/r)4 (A17h)
Att2,0 [θ,M/r] = 279720 cos
4 θ − 144 cos2 θ (8261 cos2 θ + 90) (M/r) (A17i)
Att2,1 [θ,M/r] = −97200
(
4 cos4 θ + 6 cos2 θ − 15)+ 144 (6824 cos4 θ + 3147 cos2 θ − 15845) (M/r)
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+120 cos2 θ
(
8033 cos2 θ + 6732
)
(M/r)
2
(A17j)
Att2,2 [θ,M/r] = −96
(
8100 cos4 θ + 290 cos2 θ − 13289) (M/r)2 + 16 cos2 θ (13713 cos2 θ − 73046) (M/r)3 (A17k)
Att2,3 [θ,M/r] = −4 cos2 θ
(
51301 cos2 θ − 97664) (M/r)4 (A17l)
Att3,0 [θ,M/r] = 279720 cos
6 θ + 288 cos4 θ
(
1922 cos2 θ − 25) (M/r) (A17m)
Att3,1 [θ,M/r] = 97200
(
4 cos6 θ − 24 cos4 θ + 15 cos2 θ + 10)
−240 cos2 θ (4403 cos4 θ − 14871 cos2 θ + 13386) (M/r)− 144 cos4 θ (2837 cos2 θ + 1030) (M/r)2 (A17n)
Att3,2 [θ,M/r] = 80 cos
2 θ
(
4583 cos4 θ − 24648 cos2 θ + 24300) (M/r)2
+16 cos4 θ
(
10654 cos2 θ − 2425) (M/r)3 (A17o)
Att3,3 [θ,M/r] = −172 cos4 θ
(
337 cos2 θ − 376) (M/r)4 (A17p)
Att4,0 [θ,M/r] = −179820 cos8 θ − 72 cos6 θ
(
493 cos2 θ − 100) (M/r) (A17q)
Att4,1 [θ,M/r] = 48600 cos
2 θ
(
7 cos6 θ − 12 cos4 θ − 30 cos2 θ + 40)
−720 cos4 θ (362 cos4 θ − 1665 cos2 θ + 1293) (M/r) + 12 cos6 θ (675 cos2 θ + 584) (M/r)2 (A17r)
Att4,2 [θ,M/r] = 8 cos
4 θ
(
27673 cos4 θ − 104472 cos2 θ + 83532) (M/r)2 (A17s)
Att4,3 [θ,M/r] = 0 (A17t)
Att5,0 [θ,M/r] = 6660 cos
10 θ (A17u)
Att5,1 [θ,M/r] = −48600 cos4 θ
(
cos2 θ − 2) (cos4 θ − 10 cos2 θ + 10) (A17v)
Att5,2 [θ,M/r] = 0 (A17w)
Att5,3 [θ,M/r] = 0. (A17x)
For the Proca field, the coefficients Arrp,q appearing in the expression (10) of 〈T rr〉ren are
Arr0,0 [θ,M/r] = −2772 + 4200 (M/r) (A18a)
Arr0,1 [θ,M/r] = 9720− 41792 (M/r) + 51628 (M/r)2 (A18b)
Arr0,2 [θ,M/r] = 25768 (M/r)
2 − 67984 (M/r)3 (A18c)
Arr0,3 [θ,M/r] = 21460 (M/r)
4
(A18d)
Arr1,0 [θ,M/r] = 2772
(
31 cos2 θ − 4)− 86688 cos2 θ (M/r) (A18e)
Arr1,1 [θ,M/r] = −9720
(
3 cos2 θ − 8)− 288 (301 cos2 θ + 624) (M/r) + 271088 cos2 θ (M/r)2 (A18f)
Arr1,2 [θ,M/r] = 8
(
3633 cos2 θ + 13213
)
(M/r)
2 − 236144 cos2 θ (M/r)3 (A18g)
Arr1,3 [θ,M/r] = 64076 cos
2 θ (M/r)
4
(A18h)
Arr2,0 [θ,M/r] = −38808 cos2 θ
(
11 cos2 θ − 8)+ 117936 cos4 θ (M/r) (A18i)
Arr2,1 [θ,M/r] = −19440
(
6 cos4 θ − 6 cos2 θ − 5)+ 96 cos2 θ (7673 cos2 θ − 8766) (M/r)
−76280 cos4 θ (M/r)2 (A18j)
Arr2,2 [θ,M/r] = −8 cos2 θ
(
34243 cos2 θ − 48823) (M/r)2 − 34096 cos4 θ (M/r)3 (A18k)
Arr2,3 [θ,M/r] = 24796 cos
4 θ (M/r)
4
(A18l)
Arr3,0 [θ,M/r] = 38808 cos
4 θ
(
17 cos2 θ − 20)+ 18144 cos6 θ (M/r) (A18m)
Arr3,1 [θ,M/r] = −19440 cos2 θ
(
4 cos4 θ + 6 cos2 θ − 15)− 160 cos4 θ (2963 cos2 θ − 3384) (M/r)
−18192 cos6 θ (M/r)2 (A18n)
Arr3,2 [θ,M/r] = 8 cos
4 θ
(
5571 cos2 θ − 2977) (M/r)2 − 1872 cos6 θ (M/r)3 (A18o)
Arr3,3 [θ,M/r] = 4836 cos
6 θ (M/r)
4
(A18p)
Arr4,0 [θ,M/r] = −2772 cos6 θ
(
85 cos2 θ − 112)− 9432 cos8 θ (M/r) (A18q)
Arr4,1 [θ,M/r] = 9720 cos
4 θ
(
3 cos4 θ − 28 cos2 θ + 30)+ 480 cos6 θ (341 cos2 θ − 450) (M/r)
+5676 cos8 θ (M/r)
2
(A18r)
Arr4,2 [θ,M/r] = −8 cos6 θ
(
4126 cos2 θ − 5765) (M/r)2 (A18s)
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Arr4,3 [θ,M/r] = 0 (A18t)
Arr5,0 [θ,M/r] = 2772 cos
8 θ
(
3 cos2 θ − 4) (A18u)
Arr5,1 [θ,M/r] = 9720 cos
6 θ
(
3 cos4 θ − 12 cos2 θ + 10) (A18v)
Arr5,2 [θ,M/r] = 0 (A18w)
Arr5,3 [θ,M/r] = 0. (A18x)
For the Proca field, the coefficients Aθθp,q appearing in the expression (11) of 〈T θθ〉ren are
Aθθ0,0 [θ,M/r] = 8316− 19416 (M/r) (A19a)
Aθθ0,1 [θ,M/r] = −29160 + 126832 (M/r)− 123524 (M/r)2 (A19b)
Aθθ0,2 [θ,M/r] = −83632 (M/r)2 + 176272 (M/r)3 (A19c)
Aθθ0,3 [θ,M/r] = −55916 (M/r)4 (A19d)
Aθθ1,0 [θ,M/r] = −2772
(
85 cos2 θ − 4)+ 545760 cos2 θ (M/r) (A19e)
Aθθ1,1 [θ,M/r] = −29160
(
cos2 θ + 4
)
+ 4176
(
143 cos2 θ + 59
)
(M/r)− 1519024 cos2 θ (M/r)2 (A19f)
Aθθ1,2 [θ,M/r] = −8
(
39591 cos2 θ + 18535
)
(M/r)2 + 1292144 cos2 θ (M/r)3 (A19g)
Aθθ1,3 [θ,M/r] = −340212 cos2 θ (M/r)4 (A19h)
Aθθ2,0 [θ,M/r] = 38808 cos
2 θ
(
17 cos2 θ − 8)− 1414224 cos4 θ (M/r) (A19i)
Aθθ2,1 [θ,M/r] = 19440
(
4 cos4 θ − 14 cos2 θ − 5)− 48 cos2 θ (17171 cos2 θ − 24471) (M/r)
+2057800 cos4 θ (M/r)
2
(A19j)
Aθθ2,2 [θ,M/r] = 8 cos
2 θ
(
19663 cos2 θ − 75877) (M/r)2 − 766160 cos4 θ (M/r)3 (A19k)
Aθθ2,3 [θ,M/r] = 34908 cos
4 θ (M/r)4 (A19l)
Aθθ3,0 [θ,M/r] = −38808 cos4 θ
(
11 cos2 θ − 20)+ 639072 cos6 θ (M/r) (A19m)
Aθθ3,1 [θ,M/r] = 58320 cos
2 θ
(
2 cos4 θ − 2 cos2 θ − 5)− 80 cos4 θ (67 cos2 θ + 3159) (M/r)
−522864 cos6 θ (M/r)2 (A19n)
Aθθ3,2 [θ,M/r] = 8 cos
4 θ
(
10947 cos2 θ − 24077) (M/r)2 + 110928 cos6 θ (M/r)3 (A19o)
Aθθ3,3 [θ,M/r] = −12956 cos6 θ (M/r)4 (A19p)
Aθθ4,0 [θ,M/r] = 2772 cos
6 θ
(
31 cos2 θ − 112)− 38808 cos8 θ (M/r) (A19q)
Aθθ4,1 [θ,M/r] = 29160 cos
4 θ
(
cos4 θ + 4 cos2 θ − 10)− 240 cos6 θ (542 cos2 θ − 993) (M/r)
+9756 cos8 θ (M/r)
2
(A19r)
Aθθ4,2 [θ,M/r] = 8 cos
6 θ
(
6499 cos2 θ − 11087) (M/r)2 (A19s)
Aθθ4,3 [θ,M/r] = 0 (A19t)
Aθθ5,0 [θ,M/r] = −2772 cos8 θ
(
cos2 θ − 4) (A19u)
Aθθ5,1 [θ,M/r] = −9720 cos6 θ
(
cos4 θ − 8 cos2 θ + 10) (A19v)
Aθθ5,2 [θ,M/r] = 0 (A19w)
Aθθ5,3 [θ,M/r] = 0. (A19x)
For the Proca field, the coefficients Aϕϕp,q appearing in the expression (12) of 〈Tϕϕ〉ren are
Aϕϕ0,0 [θ,M/r] = 8316− 19416 (M/r) (A20a)
Aϕϕ0,1 [θ,M/r] = −29160+ 126832 (M/r)− 123524 (M/r)2 (A20b)
Aϕϕ0,2 [θ,M/r] = −83632 (M/r)2 + 176272 (M/r)3 (A20c)
Aϕϕ0,3 [θ,M/r] = −55916 (M/r)4 (A20d)
Aϕϕ1,0 [θ,M/r] = −224532 cos2 θ + 1440
(
380 cos2 θ − 1) (M/r) (A20e)
Aϕϕ1,1 [θ,M/r] = 9720
(
41 cos2 θ − 56)− 8352 (115 cos2 θ − 216) (M/r)
22
−16 (24133 cos2 θ + 70806) (M/r)2 (A20f)
Aϕϕ1,2 [θ,M/r] = 16
(
36322 cos2 θ − 65385) (M/r)2 − 16 (470 cos2 θ − 81229) (M/r)3 (A20g)
Aϕϕ1,3 [θ,M/r] = 4
(
7051 cos2 θ − 92104) (M/r)4 (A20h)
Aϕϕ2,0 [θ,M/r] = 349272 cos
4 θ − 144 cos2 θ (9911 cos2 θ − 90) (M/r) (A20i)
Aϕϕ2,1 [θ,M/r] = 19440
(
22 cos4 θ + 38 cos2 θ − 75)− 48 (32549 cos4 θ + 7686 cos2 θ − 47535) (M/r)
+40 cos2 θ
(
71641 cos2 θ − 20196) (M/r)2 (A20j)
Aϕϕ2,2 [θ,M/r] = 48
(
18630 cos4 θ − 1421 cos2 θ − 26578) (M/r)2
−16 cos2 θ (120931 cos2 θ − 73046) (M/r)3 (A20k)
Aϕϕ2,3 [θ,M/r] = 4 cos
2 θ
(
106391 cos2 θ − 97664) (M/r)4 (A20l)
Aϕϕ3,0 [θ,M/r] = 349272 cos
6 θ + 288 cos4 θ
(
2194 cos2 θ + 25
)
(M/r) (A20m)
Aϕϕ3,1 [θ,M/r] = −19440
(
22 cos6 θ − 132 cos4 θ + 75 cos2 θ + 50)
+160 cos2 θ
(
970 cos4 θ − 22662 cos2 θ + 20079) (M/r)− 144 cos4 θ (4661 cos2 θ − 1030) (M/r)2 (A20n)
Aϕϕ3,2 [θ,M/r] = −16 cos2 θ
(
2302 cos4 θ − 117237 cos2 θ + 121500) (M/r)2
+16 cos4 θ
(
4508 cos2 θ + 2425
)
(M/r)
3
(A20o)
Aϕϕ3,3 [θ,M/r] = 4 cos
4 θ
(
12929 cos2 θ − 16168) (M/r)4 (A20p)
Aϕϕ4,0 [θ,M/r] = −224532 cos8 θ − 72 cos6 θ
(
439 cos2 θ + 100
)
(M/r) (A20q)
Aϕϕ4,1 [θ,M/r] = −9720 cos2 θ
(
41 cos6 θ − 76 cos4 θ − 150 cos2 θ + 200)
+240 cos4 θ
(
2626 cos4 θ − 6054 cos2 θ + 3879) (M/r) + 12 cos6 θ (1397 cos2 θ − 584) (M/r)2 (A20r)
Aϕϕ4,2 [θ,M/r] = −16 cos4 θ
(
16643 cos4 θ − 56115 cos2 θ + 41766) (M/r)2 (A20s)
Aϕϕ4,3 [θ,M/r] = 0 (A20t)
Aϕϕ5,0 [θ,M/r] = 8316 cos
10 θ (A20u)
Aϕϕ5,1 [θ,M/r] = 9720 cos
4 θ
(
cos2 θ − 2) (3 cos4 θ − 50 cos2 θ + 50) (A20v)
Aϕϕ5,2 [θ,M/r] = 0 (A20w)
Aϕϕ5,3 [θ,M/r] = 0. (A20x)
For the Proca field, the coefficients Atϕp,q appearing in the expression (13) of 〈T tϕ〉ren are
Atϕ0,0 [θ,M/r] = −2376 (M/r) (A21a)
Atϕ0,1 [θ,M/r] = −97200 + 359856 (M/r)− 248836 (M/r)2 (A21b)
Atϕ0,2 [θ,M/r] = −219660 (M/r)2 + 303168 (M/r)3 (A21c)
Atϕ0,3 [θ,M/r] = −90072 (M/r)4 (A21d)
Atϕ1,0 [θ,M/r] = 144
(
367 cos2 θ − 5) (M/r) (A21e)
Atϕ1,1 [θ,M/r] = 97200
(
cos2 θ − 6)− 72 (4467 cos2 θ − 19223) (M/r) + 16 (7687 cos2 θ − 35403) (M/r)2 (A21f)
Atϕ1,2 [θ,M/r] = 12
(
8221 cos2 θ − 66601) (M/r)2 − 8 (10717 cos2 θ − 81229) (M/r)3 (A21g)
Atϕ1,3 [θ,M/r] = 8
(
275 cos2 θ − 23026) (M/r)4 (A21h)
Atϕ2,0 [θ,M/r] = −2160 cos2 θ
(
52 cos2 θ − 3) (M/r) (A21i)
Atϕ2,1 [θ,M/r] = 194400
(
2 cos4 θ − 2 cos2 θ − 5)− 72 (12200 cos4 θ − 11363 cos2 θ − 15845) (M/r)
+440 cos2 θ
(
1243 cos2 θ − 918) (M/r)2 (A21j)
Atϕ2,2 [θ,M/r] = 12
(
39001 cos4 θ − 53339 cos2 θ − 53156) (M/r)2
−16 cos2 θ (30799 cos2 θ − 36523) (M/r)3 (A21k)
Atϕ2,3 [θ,M/r] = 8 cos
2 θ
(
15007 cos2 θ − 24416) (M/r)4 (A21l)
Atϕ3,0 [θ,M/r] = 144 cos
4 θ
(
297 cos2 θ + 25
)
(M/r) (A21m)
Atϕ3,1 [θ,M/r] = 97200
(
cos6 θ + 9 cos4 θ − 15 cos2 θ − 5)
23
−360 cos2 θ (223 cos4 θ + 3091 cos2 θ − 4462) (M/r)− 144 cos4 θ (397 cos2 θ − 515) (M/r)2 (A21n)
Atϕ3,2 [θ,M/r] = 12 cos
2 θ
(
7615 cos4 θ + 40317 cos2 θ − 81000) (M/r)2
−8 cos4 θ (3721 cos2 θ − 2425) (M/r)3 (A21o)
Atϕ3,3 [θ,M/r] = 8 cos
4 θ
(
2813 cos2 θ − 4042) (M/r)4 (A21p)
Atϕ4,0 [θ,M/r] = −72 cos6 θ
(
23 cos2 θ + 50
)
(M/r) (A21q)
Atϕ4,1 [θ,M/r] = −97200 cos2 θ
(
cos6 θ − 6 cos4 θ + 10)
+360 cos4 θ
(
324 cos4 θ − 1519 cos2 θ + 1293) (M/r) + 12 cos6 θ (69 cos2 θ − 292) (M/r)2 (A21r)
Atϕ4,2 [θ,M/r] = −12 cos4 θ
(
4860 cos4 θ − 27055 cos2 θ + 27844) (M/r)2 (A21s)
Atϕ4,3 [θ,M/r] = 0 (A21t)
Atϕ5,0 [θ,M/r] = 0 (A21u)
Atϕ5,1 [θ,M/r] = −97200 cos4 θ
(
cos4 θ − 5 cos2 θ + 5) (A21v)
Atϕ5,2 [θ,M/r] = 0 (A21w)
Atϕ5,3 [θ,M/r] = 0. (A21x)
For the Proca field, the coefficients Aϕtp,q appearing in the expression (14) of 〈Tϕt〉ren are
Aϕt0,0 [θ,M/r] = 720 (M/r) (A22a)
Aϕt0,1 [θ,M/r] = 97200− 476496 (M/r) + 566448 (M/r)2 (A22b)
Aϕt0,2 [θ,M/r] = 277980 (M/r)
2 − 649832 (M/r)3 (A22c)
Aϕt0,3 [θ,M/r] = 184208 (M/r)
4 (A22d)
Aϕt1,0 [θ,M/r] = −6480 cos2 θ (M/r) (A22e)
Aϕt1,1 [θ,M/r] = −97200
(
cos2 θ − 5)+ 72 (1227 cos2 θ − 15845) (M/r) + 403920 cos2 θ (M/r)2 (A22f)
Aϕt1,2 [θ,M/r] = 12
(
1499 cos2 θ + 53156
)
(M/r)
2 − 584368 cos2 θ (M/r)3 (A22g)
Aϕt1,3 [θ,M/r] = 195328 cos
2 θ (M/r)
4
(A22h)
Aϕt2,0 [θ,M/r] = −3600 cos4 θ (M/r) (A22i)
Aϕt2,1 [θ,M/r] = −97200
(
4 cos4 θ − 5 cos2 θ − 5)+ 720 cos2 θ (1220 cos2 θ − 2231) (M/r)
−74160 cos4 θ (M/r)2 (A22j)
Aϕt2,2 [θ,M/r] = −12 cos2 θ
(
39001 cos2 θ − 81000) (M/r)2 − 19400 cos4 θ (M/r)3 (A22k)
Aϕt2,3 [θ,M/r] = 32336 cos
4 θ (M/r)
4
(A22l)
Aϕt3,0 [θ,M/r] = 3600 cos
6 θ (M/r) (A22m)
Aϕt3,1 [θ,M/r] = −97200 cos2 θ
(
cos4 θ + 5 cos2 θ − 10)+ 360 cos4 θ (871 cos2 θ − 1293) (M/r)
+3504 cos6 θ (M/r)
2
(A22n)
Aϕt3,2 [θ,M/r] = −12 cos4 θ
(
17335 cos2 θ − 27844) (M/r)2 (A22o)
Aϕt3,3 [θ,M/r] = 0 (A22p)
Aϕt4,0 [θ,M/r] = 0 (A22q)
Aϕt4,1 [θ,M/r] = 97200 cos
4 θ
(
cos4 θ − 5 cos2 θ + 5) (A22r)
Aϕt4,2 [θ,M/r] = 0 (A22s)
Aϕt4,3 [θ,M/r] = 0. (A22t)
For the Proca field, the coefficients Arθp,q appearing in the expression (15) of 〈T rθ〉ren are
Arθ0,0 [θ,M/r] = 792− 1584 (M/r) (A23a)
Arθ0,1 [θ,M/r] = −972 (M/r) + 2736 (M/r)2 (A23b)
Arθ0,2 [θ,M/r] = 250 (M/r)
2 − 1472 (M/r)3 (A23c)
Arθ0,3 [θ,M/r] = 250 (M/r)
4
(A23d)
24
Arθ1,0 [θ,M/r] = −792
(
7 cos2 θ − 1)+ 11088 cos2 θ (M/r) (A23e)
Arθ1,1 [θ,M/r] = 12
(
635 cos2 θ − 81) (M/r)− 20784 cos2 θ (M/r)2 (A23f)
Arθ1,2 [θ,M/r] = −2
(
1334 cos2 θ − 125) (M/r)2 + 12956 cos2 θ (M/r)3 (A23g)
Arθ1,3 [θ,M/r] = −2668 cos2 θ (M/r)4 (A23h)
Arθ2,0 [θ,M/r] = 5544(cosθ − 1) cos2 θ(cos θ + 1)− 11088 cos4 θ (M/r) (A23i)
Arθ2,1 [θ,M/r] = −60 cos2 θ
(
67 cos2 θ − 127) (M/r) + 13584 cos4 θ (M/r)2 (A23j)
Arθ2,2 [θ,M/r] = 2 cos
2 θ
(
125 cos2 θ − 1334) (M/r)2 − 4520 cos4 θ (M/r)3 (A23k)
Arθ2,3 [θ,M/r] = 250 cos
4 θ (M/r)
4
(A23l)
Arθ3,0 [θ,M/r] = −792 cos4 θ
(
cos2 θ − 7)+ 1584 cos6 θ (M/r) (A23m)
Arθ3,1 [θ,M/r] = 60 cos
4 θ
(
cos2 θ − 67) (M/r)− 912 cos6 θ (M/r)2 (A23n)
Arθ3,2 [θ,M/r] = 250 cos
4 θ (M/r)
2
+ 60 cos6 θ (M/r)
3
(A23o)
Arθ3,3 [θ,M/r] = 0 (A23p)
Arθ4,0 [θ,M/r] = −792 cos6 θ (A23q)
Arθ4,1 [θ,M/r] = 60 cos
6 θ (M/r) (A23r)
Arθ4,2 [θ,M/r] = 0 (A23s)
Arθ4,3 [θ,M/r] = 0. (A23t)
For the Proca field, the coefficients Aθrp,q appearing in the expression (16) of 〈T θr〉ren are
Aθr0,0 [θ,M/r] = 792 (A24a)
Aθr0,1 [θ,M/r] = −972 (M/r) (A24b)
Aθr0,2 [θ,M/r] = 250 (M/r)
2
(A24c)
Aθr1,0 [θ,M/r] = −5544 cos2 θ (A24d)
Aθr1,1 [θ,M/r] = 7620 cos
2 θ (M/r) (A24e)
Aθr1,2 [θ,M/r] = −2668 cos2 θ (M/r)2 (A24f)
Aθr2,0 [θ,M/r] = 5544 cos
4 θ (A24g)
Aθr2,1 [θ,M/r] = −4020 cos4 θ (M/r) (A24h)
Aθr2,2 [θ,M/r] = 250 cos
4 θ (M/r)2 (A24i)
Aθr3,0 [θ,M/r] = −792 cos6 θ (A24j)
Aθr3,1 [θ,M/r] = 60 cos
6 θ (M/r) (A24k)
Aθr3,2 [θ,M/r] = 0. (A24l)
[1] B. S. DeWitt, Phys. Rep. 19, 295 (1975).
[2] N. D. Birrell and P. C. W. Davies, Quantum Fields in
Curved Space (Cambridge University Press, Cambridge,
1982).
[3] S. A. Fulling, Aspects of Quantum Field Theory in Curved
Space-time (Cambridge University Press, Cambridge,
1989).
[4] R. M. Wald, Quantum Field Theory in Curved Space-
Time and Black Hole Thermodynamics (The University
of Chicago Press, Chicago, 1995).
[5] L. H. Ford, (2005), arXiv:gr-qc/0504096.
[6] L. E. Parker and D. J. Toms, Quantum Field Theory in
Curved Spacetime: Quantized Fields and Gravity (Cam-
bridge University Press, Cambridge, 2009).
[7] S. Hollands and R. M. Wald, (2014),
arXiv:1401.2026 [gr-qc].
[8] L. E. Parker, Phys. Rev. 183, 1057 (1969).
[9] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975).
[10] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Grav-
itation (W. H. Freeman and Company, San Francisco,
1973).
[11] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980).
25
[12] J. M. Bardeen, Phys. Rev. Lett. 46, 382 (1981).
[13] W. A. Hiscock, Phys. Rev. D 23, 2813 (1981).
[14] L. Parker and D. A. T. Vanzella,
Phys. Rev. D 69, 104009 (2004), arXiv:gr-qc/0312108.
[15] D. N. Page, Phys. Rev. D 25, 1499 (1982).
[16] M. R. Brown and A. C. Ottewill,
Phys. Rev. D 31, 2514 (1985).
[17] M. R. Brown, A. C. Ottewill, and D. N. Page,
Phys. Rev. D 33, 2840 (1986).
[18] B. S. DeWitt, Dynamical Theory of Groups and Fields
(Gordon and Breach, New York, 1965).
[19] B. S. DeWitt, The Global Approach to Quantum Field
Theory (Oxford University Press, Oxford, 2003).
[20] I. G. Avramidi, (1995), arXiv:hep-th/9510140.
[21] I. G. Avramidi, Heat Kernel and Quantum Gravity
(Springer, Berlin, 2000).
[22] The expression DeWitt-Schwinger approximation could
confuse the reader. Here, we intend the DeWitt-
Schwinger approximation of the RSET. This approxima-
tion is constructed from the renormalized effective ac-
tion (5), is given explicitly by (7), is only valid in the
large mass limit and is purely geometrical. It is impor-
tant to note that the DeWitt-Schwinger representation of
the Feynman propagator permitted Christensen [63, 64]
and other authors (see, e.g., Refs. [1, 2]) to develop the
so-called DeWitt-Schwinger approach of the renormaliza-
tion of the stress tensor. Such an approach provides, for
all mass values, exact results (in general, they cannot be
put in an analytical form) which take into account the
geometry of the gravitational background as well as the
quantum state of the field.
[23] V. P. Frolov and A. I. Zelnikov,
Phys. Lett. B 115, 372 (1982).
[24] V. P. Frolov and A. I. Zelnikov,
Phys. Lett. B 123, 197 (1983).
[25] V. P. Frolov and A. I. Zelnikov,
Phys. Rev. D 29, 1057 (1984).
[26] P. R. Anderson, W. A. Hiscock, and D. A. Samuel,
Phys. Rev. D 51, 4337 (1995).
[27] B. E. Taylor, W. A. Hiscock, and P. R. Anderson,
Phys. Rev. D 55, 6116 (1997), arXiv:gr-qc/9608036.
[28] W. A. Hiscock, S. L. Larson, and P. R. Anderson,
Phys. Rev. D 56, 3571 (1997), arXiv:gr-qc/9701004.
[29] B. E. Taylor, W. A. Hiscock, and P. R. Anderson,
Phys. Rev. D 61, 084021 (2000), arXiv:gr-qc/9911119.
[30] J. Matyjasek, Phys. Rev. D 61, 124019 (2000),
arXiv:gr-qc/9912020.
[31] P. R. Anderson, W. A. Hiscock, and B. E. Taylor,
Phys. Rev. Lett. 85, 2438 (2000), arXiv:gr-qc/0002007.
[32] J. Matyjasek, Phys. Rev. D 63, 084004 (2001),
arXiv:gr-qc/0010097.
[33] J. Matyjasek, Phys. Rev. D 74, 104030 (2006),
arXiv:gr-qc/0610020.
[34] O. P. Ferna´ndez Piedra and A. Cabo
Montes de Oca, Phys. Rev. D 75, 107501 (2007),
arXiv:0707.0706 [gr-qc].
[35] O. P. Ferna´ndez Piedra and J. de Oliveira,
Int. J. Mod. Phys. D 19, 63 (2010),
arXiv:0902.1487 [gr-qc].
[36] O. P. Ferna´ndez Piedra and J. de Oliveira,
Classical Quantum Gravity 28, 085003 (2011),
arXiv:1006.3802 [gr-qc].
[37] J. Matyjasek and K. Zwierz-
chowska, Phys. Rev. D 85, 024009 (2012),
arXiv:1110.0041 [gr-qc].
[38] J. Matyjasek and P. Sadurski,
Phys. Rev. D 88, 104015 (2013),
arXiv:1309.0552 [gr-qc].
[39] J. Matyjasek, P. Sadurski, and M. Telecka,
Phys. Rev. D 89, 084055 (2014).
[40] V. P. Frolov and I. D. Novikov, Black Hole Physics
(Kluwer Academic Publishers, Dordrecht, 1998).
[41] P. Candelas, Phys. Rev. D 21, 2185 (1980).
[42] M. S. Fawcett, Commun. Math. Phys. 89, 103 (1983).
[43] K. W. Howard and P. Candelas,
Phys. Rev. Lett. 53, 403 (1984).
[44] K. W. Howard, Phys. Rev. D 30, 2532 (1984).
[45] B. P. Jensen and A. C. Ottewill,
Phys. Rev. D 39, 1130 (1989).
[46] B. P. Jensen, J. G. McLaughlin, and A. C. Ottewill,
Phys. Rev. D 43, 4142 (1991).
[47] V. P. Frolov and K. S. Thorne,
Phys. Rev. D 39, 2125 (1989).
[48] A. C. Ottewill and E. Winstanley,
Phys. Rev. D 62, 084018 (2000), arXiv:gr-qc/0004022.
[49] A. C. Ottewill and E. Winstanley,
Phys. Lett. A 273, 149 (2000), arXiv:gr-qc/0005108.
[50] G. Duffy and A. C. Ottewill,
Phys. Rev. D 77, 024007 (2008), arXiv:gr-qc/0507116.
[51] M. Casals, S. R. Dolan, B. C. Nolan, A. C. Ottewill,
and E. Winstanley, Phys. Rev. D 87, 064027 (2013),
arXiv:1207.7089 [gr-qc].
[52] B. S. Kay and R. M. Wald, Phys. Rept. 207, 49 (1991).
[53] Y. Decanini and A. Folacci,
Classical Quantum Gravity 24, 4777 (2007),
arXiv:0706.0691 [gr-qc].
[54] S. A. Fulling, R. C. King, B. G. Wybourne, and C. J.
Cummins, Classical Quantum Gravity 9, 1151 (1992).
[55] J. M. Mart´ın-Garc´ıa, xAct: Efficient Tensor Computer Algebra for Mathematica
(http://www.xact.es/).
[56] T. Damour, N. Deruelle, and R. Ruffini,
Lett. Nuovo Cim. 15, 257 (1976).
[57] T. J. M. Zouros and D. M. Eardley,
Ann. Phys. (N.Y.) 118, 139 (1979).
[58] S. L. Detweiler, Phys. Rev. D 22, 2323 (1980).
[59] H. Furuhashi and Y. Nambu,
Prog. Theor. Phys. 112, 983 (2004),
arXiv:gr-qc/0402037.
[60] J. M. Bardeen, B. Carter, and S. W. Hawking,
Commun. Math. Phys. 31, 161 (1973).
[61] E. Berti and K. D. Kokkotas,
Phys. Rev. D 71, 124008 (2005), arXiv:gr-qc/0502065.
[62] R. A. Konoplya and A. Zhi-
denko, Phys. Rev. D 88, 024054 (2013),
arXiv:1307.1812 [gr-qc].
[63] S. M. Christensen, Phys. Rev. D 14, 2490 (1976).
[64] S. M. Christensen, Phys. Rev. D 17, 946 (1978).
